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PREFACE

Modal considerations in logic appeared in the work of the ancients,
notably Aristotle, and the mediaeval logicians, but like most work before
the modern period, it was non-symbolic, and not particularly systematic
in approach. According to Hughes and Cresswell (1968), the earliest
symbolic approaches to modal logic were those of MacColl, originating
about 1880. However, the first symbolic and systematic approach to the
subject appears to be the work of Lewis beginning in 1912 and cul-
minating in the book Symbolic Logic with Langford in 1932, Since then
a plethora of modal systems have been proposed, though Lewis’ systems
S1-S5 and the system called T by Feys (1937) and M by von Wright
(1951) stand out as having received considerable attention.

By far the early emphasis was on propositional systems of modal
logic (with the notable exception of the work of R. Barcan Marcus
(1946a), (1946b) and (1947)) and prior to the 1950’s the formal semantic
work done had been of a topological or algebraic cast. The work of Kripke
beginning in (1959) provided a structural semantics for many of these
systems which, when applied to systems containing predicates and quan-
tifiers applied to individual variables, provides a semantics whose gen-
eral appearance is similar to that which has been constructed for classi-
cal predicate logic. Related work was begun about the same time by
Hintikka (1961) and Montague (1960). With the exception of some
work of Gabbay (1972a) and Osswald (1969) most of this formal work
(as opposed to related philosophical applications) has consisted in es-
tablishing a semantics for the system and giving proofs of completeness
relative to this semantics (cf. Follesdal (1965), (1968), van Fraasen
(1969), Hintikka (1961), (1963), (1967), Kripke (1959), (1963a), (1963b),
(1965), Lemmon (1966), Makinson (1966), Routley (1970), Schiitte
(1970), Segerberg (1971), and Thomason (1970)). In Bowen (1975) it
was shown that a considerable portion of the model theory of classical
predicate logic could be transferred to the domain of normal modal
logics (cf. §1), usually without serious distortion. Qur purpose here is
not only to give a systematic presentation of these results and further
extensions, but also to show that the restriction to normal modal systems
can largely be removed. However, we will still adopt the converse of the
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X PREFACE

Barcan formula (cf. §1); in fact, in the natural formulation of the sys-
tems considered, it is a provable statement. In §§1-4 we formulate the
systems and their semantics. Since much of the previous work is scattered
or inaccessible (notably Lemmon and Scott (1966)) we give a detailed
presentation of the proofs of correctness and completeness in §§3—4.
Model theory proper begins in §5.

This book grew out of a series of lectures given at the Stephan Banach
International Mathematical Center in Warsaw during the spring of
1973, during which I was on sabbatical leave from Syracuse University
and was also supported by the Center. I would especially like to thank
all the participants in Prof. Rasiowa’s seminar for their patience in my
lectures and their many corrections and suggestions. Ester Clark per-
severed through the typing of the original manuscript, and Ruth Turn-
paugh typed the appendix. For their patience I am most grateful. Much
of the work presented here was partially supported by ARPA grant
number DAHCO4-72-C-0003.



§1 SYNTACTIC CONSIDERATIONS

We will adopt a good deal (but not all) of the notations and conventions
of Shoenfield (1967) used for classical predicate logic. In particular, some
of our metavariables are as follows: u,v, ... for expressions, A, B, C, ...
for formulas, a,b,c,... for terms, and X,y,z, ... for variables. We will
use

1.y A, ... X.[a,...,a,]

to indicate the result of simultaneously substituting the terms a,, ..., a,
for the variables x, ..., X,, respectively, where for i=1,...,n, a,; is free
for x,. If the free variables of A are x,, ..., X, in alphabetic order (as given
below), then A[a,, ..., a,] is an abbreviation of (1.1). The basic symbols
of all our modal languages are as follows:

variables x y z x y Z X
equality symbol =
logicalsymbols — v 3 ¢

In addition, a given modal language ML may contain n-ary function and
predicate symbols for various n=0 (individual constants are treated as
O-ary function symbols); these are called nonlogical symbols. We use
f and p as metavariable for function and predicate symbols, respectively.
A modal language ML is specified when the set of its nonlogical symbols
is specified. If ML is a given modal language, we write L for the under-
lying classical language obtained by excising the possibility operator
¢ from ML. The formation rules of ML are those of L (Shoenfield,
1967, pp. 14—15) together with the rule: if u is a formula, then ¢u is a
formula. We use the usual abbreviations and definitions of A, —, <,
and V, together with [JA for -1 0A.

All of the modal logics we will consider contain the machinery of
classical first order predicate logic with identity, say as given by Shoen-
field (1967), pp. 20-22. Note that in all the axiom and rule schemata
listed there, the formulas A, B, and C may now contain occurrences of
¢ (and hence ). If A is a formula of ML which is an instance of a theorem-
schema of classical predicate logic with identity, we will refer to A as
a classical theorem.



SECTION 1

The systems we will consider are obtained by adding various axiom
and rule schemata to the classical logical base. We will give a master
list of these, where the rules are given in the form

A,,...,A,/B, proviso

which indicates that B can be inferred from A, ..., A, if the given proviso
is met. If n is a non-negative integer and s is one of the symbols ¢ or [J,
s" denotes a sequence consisting of exactly n occurrences of s.

AQ.
Al.
A2,
A3
A4
AS.
A6.
AT
A8.
A9.
A10.
All.
Al2.
Al3.
Al4

O(A—B)- s [JA - [OB.
OA-A.

A - CA.

OB—-s A- [JCA.
O(A - B)— » J(OA - (B).
Ox=x-00x = x.

OA- OOA.

OB s 0A — [JA.

CIB - C(CIA — A).
OB-sA-[A.

S O0A.

o0A.

OA.

(O¢0A - JA)&([JA— A).
(m,n, p, q). OB— s O"[J'A - [J7¢4A.

If A is one of the axioms listed above, [JA indicates the schema obtained
by prefixing [J before the schema of A.

R1.
R2.
R2.
R3.
R3,.
R4.

A, A-B/B.

A-B/OA- [B.

0(A - B)/ O(0OA - OOB).

A/OA.

/OA, provided A is a classical theorem.
OA/A.

The different systems are then described by the various axiom and
rule schemata which they adopt:

S0.5°:
C2:
E2:
S3:

A0 + R3, S2°: A0+ OJAO+ R2 + R3,+ R4

A0 +R2 D2: C2+A2

C2+ Al S2: A0+ Al + A0+ [JA1 + R2 + R3,
Al + A4 + JA1 + [JA4 + R3, I. AO+R3
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M: I+Al  B: M+AL4(0,0,1,1)(=A - [J0A)
S4: M + A14(0, 1, 2,0)(= OA - ODA)
Ss: M + A14(1,0, 1, 1)(= 0A — []0A).

A system S of modal logic is said to be specified when its axiom and
rule schemata have been specified, as in the examples above. These
axioms and rules are known as logical axioms and rules. Thus S is es-
sentially a ‘schema of schemata’ any of whose concrete realizations are
determined by the choice of a particular modal language ML in which
S is to be formulated. Figure 1 indicates the inclusion relationships
between some of the systems specified above, where an arrow from one
system to another indicates that the system at the foot of the arrow is
properly contained in the system at the tip. (Specifically, S —» S’ indicates
that all theorems of S are provable in §'; it does not imply that S is
closed under the rules of S.) For more details on these systems as well
as others, cf. Feys (1965), Hughes and Cresswell (1972), Lemmon (1957),
(1966), and Zeman (1973).

DEFINITION 1.2. Let S be a specified modal system.

(i) S is a Lemmon system if S is obtained from C2 by adding some
formulas as additional axioms (schemata may be used) or the
rule R3 or both.

(i) Sisa Feys system if S is obtained from S2 by addition of axioms
of the form [JA or pairs of axioms of the form A, (JA or the rule
R3 or both.

(iii) S is a semi-normal system if it is obtained from I by addition of

new axioms. S5
B/ S4

NI

AN
812°/ ETZ
SO.S/ CTZ  — DTZ
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(iv) S is normal if S is semi-normal and contains Al. It is understood
here that the formulas added are instances of modal, proposi-
sitional schemata.

We will be particularly concerned with systems in which the axioms
added are from the list A1-A14 or (JA1-[A14. If S is a specified modal
system and A is a formula of a modal language ML, we will write FSA
to mean that there exists a proof of A in S, where as usual, a proof of A
in S is a finite sequence of formulas the last of which is A such that each
formula in the list is either an axiom of S or follows from earlier formulas
in the list by one of the rules of inference of S.

Since all of our systems include classical predicate logic, one would
expect that some standard theorems about that logic might extend to
the present context, and indeed they do. In particular, if A is a replace-
ment instance of a classical propositional tautology, then A is derivable
in each of our systems. This is perhaps most easily seen by using the
proof of the Tautology Theorem as given in Shoenfield (1967), the only
modification necessary being the inclusion of formulas of the form ©A
among the elementary formulas. Moreover, in the terminology of Shoen-
field (1967) (page references are to that book), the following all hold for
each of the present systems:

(1.3) The V-Introduction and Generalization Rules (p. 31)

(1.4) The Substitution Rule and Theorem (pp. 31-32)
(1.5) The Distribution Rule and Closure Theorem  (p. 32)
(1.6) The Theorem on Constants (p. 33)
(1.7) The Symmetry Theorem (p- 35

For S containing the rule R2, the following theorem is proved by in-
duction on the structure of A, while for S = S2° one uses Lemmon’s
(1957) procedure for showing that P2 contains S2 (cf. Hughes and Cress-
well (1971), pp. 250-251). We omit the details.

THEOREM 1.8 (Substitutivity of Strict Equivalence). If S is a Lemmon
or Feys system formulated in ML, if A, A’, B, and B’ are formulas of
ML such that A’ is obtained by replacing zero or more occurrences of
Bin A by B, then FS[J(B« B') implies F5A <A’

THEOREM 1.9 (Substitutivity of Strict Equality). If S is a Lemmon
or Feys system formulated in ML, if A and A’ are formulas of ML and
b and b are terms of ML such that A’ is obtained from A by replacing
zero or more occurrences of b by b, then FS[J(b=Db’) implies that
FSAo A



SYNTACTIC CONSIDERATIONS 5

Proof. Let p be a predicate symbol, and let a,, ..., a, be terms, and let
a; be the result of replacing zero or more occurrences of b in a; by b’ for
i=1,...,n. Thenb=Db"—>pa,...a, »pa’...a, is a classical theorem and
so by R3,, A0, and modus ponens,
FO®=b)—- O(pa;...a, — pa;...a,),
so if FS[J(b = b), then
FO(pa,...a, — pa)...a}).

Now Theorem 1.8. can be used to obtain the desired result. ll

THEOREM 1.10 (Substitutivity of Equivalence). If S is a Lemmon
system, A, A’, B, and B’ are formulas of ML such that A’ is obtained
from A by replacing one or more occurrences of B by B, then FSB— B
implies FSA < A’

Proof. By induction on the structure of A. We omit the details.

The schema
(1.11)  vxOA- OvxA
is generally known as the Barcan formula. While it is not valid in any of

our systems (cf. Kripke, 1963b), its converse is provable.

THEOREM 1.12. If Sis any Lemmon or Feys system, we have FS[JvVxA —
Yx[JA.

Proof. In any system containing R2, the following is a proof:
VxA — A Substitution Theorem
OvxA - OA R2
VXA —»Vx[JA V-Introduction.

In S0.5° the transition from the first to the second step is accomplished
by R3,, A0, and modus ponens. ll

If S is a Lemmon or Feys system, we say that an S-theory T has been
specified if the modal language ML(T) in which T is to be formulated
has been indicated and if some set of formulas, possibly empty and not
including any logical axioms of S, has been indicated as the set of non-
logical axioms of T. The axioms of T are made up of the logical axioms
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of S and the nonlogical axioms of T. If T is an S-theory and A is a for-
mula of ML(T) then A is provable in T (with respect to S) (write F5A)
if there are nonlogical axioms B, ..., B, of T such that

I—S"IB1 v...vB,VA.

If T is an S-theory and I is a set of formulas of ML(T), T(I') indicates
the S-theory whose nonlogical axioms consist of the nonlogical axioms
of T together with all formulas in I'. In systems in which they occur, the
rules R2, R2', R3 and R3, will be referred. to as modal rules. The other
rules will be nonmodal rules.

LEMMA 1.13. (a) If S is a Lemmon system and FS[JA - B)—
(A - OB), then F[OB - [J(JA — OB). (b) If S is a Feys system
and S OJ(0O(A - B) - O(OA — [OB)), then FSJ(OB - O(OA - OB)).

Proof. For (a), from FB— (A —B) we get FS[JB— [J(A — B); then
use the transitivity of implication. For (b), from FB— (A —»B) we get
FSCI(B(A > B)) by R3,, and then by R2, FS[)([JB— XA — B)). Now
from +5(C —» D) - s (D > E) - s C - E by R3,, A0 and modus ponens, we
get FO0(C—>D)» O —-E)- O(C—E). Letting C be (OB, D be
[O(A - B), and E be (J(CJA — OB), the result now follows. I

LEMMA 1.14. Let S be any Lemmon system. Then for any n and m
andanyA,,...,A,,

() FSO'AL A ... AA) o A A L. A T'A,,
and
(ii) FSOA, v ... VA, - [O(A; V... VA,).

Proof. 1t will suffice to demonstrate the result for S = C2. For n =0,
both statements are trivialities, as it is also for m = 1. For n =1 we pro-
ceed by induction on m, and for this it suffices to show that

OBAC)~»[OBAOC and OBvOC- OBVC).

For the first, since F>BAC—-B and F2BAC—C, then by R2,
FC2OB A C)— OB and F2(B A C)- OC, so FC2OB A CO)-0OBA
OC. Conversely, we have F“?A —(B— A AB), so by R2,

FC?OA - OB - A AB).
But by A0,

F2OB—>A AB)— s (OB— [J(A AB).
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$0
FC2[JA— » OB (A A B),

and hence F°2[JA A OB — [J(A A B). For the second needed result, we
first have F*2B—»B v C and F*C—B v C, so by R2,

F2OB-OMBVC) and +F20OC- OB VO,

so F¢2[JB v OC - OB Vv C). The induction steps for both n and m are
now simple. Il



§2. MODAL STRUCTURES AND MORPHISMS*

A modal structure base or simply base is a quadruple (K,R, O, N>,
where K is a non-empty set, O €K, R is a binary relation on K, and
N = K. We will usually write Q for K — N. The elements of K are usually
referred to as possible worlds, O as the origin or immediate situation, R
as the accessibility relation between the worlds of K, N as the collection
of normal worlds, and Q as the collection of queer worlds (cf. Kripke,
1963, 1965 and Lemmon, 1966).

DEFINITION 2.1. Let ML be a fixed modal language. A modal struc-
ture W for ML consists of the following:

(iabase (K,R, O, N>.

(ii) for each keK, a classical structure o/, = (A, =4, s oo Prs -+
for the underlying classical language L (cf. Shoenfield, 1967, p. 18) such
that if k,k €K and kRK, then 4, = A, where =, is an equivalence
relation on A4, which is a congruence relation for each f; and py; the re-
lation =, is used to interpret the equality symbol of ML*; this is a de-
parture from the conventions of Shoenfield (1967), but cf. Kreisel and
Krivine (1967, Chapter 3), and Robinson (1956), (1965), (1969).

We will usually write A =<, K, R, O, N> and we define the base
of A to be b(A)=<K,R,0,N>.

DEFINITION 2.2. The language LB is the classical first order language
with equality specified as follows:

variables: w w W

equality: =

unary predicate symbol: N*

binary predicate symbol: R*

individual constant: O*

logical symbols: 21ov o3

* To some extent, our model theory interprets the equality symbol as ‘equivalence’ in the
sense of Carnap (1947). More precisely, we ought to regard the entities inhabiting the
universe |./;| of the world ./, as intensional objects and take the relation =, to be that of
extensional identity between these intensional objects.

8
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Thus for any modal structure A, b() is a classical structyure for the
language LB. Note that for any modal language ML, the variables of
ML and LB form disjoint sets. We will assume that the particular sym-
bols R* N* and O* never occur in any modai language ML.

DEFINITION 2.3. Let I be a set of sentences of LB. A modal structure
A is said to be a I'-structure if b(A) is a model of I'. If ML is a modal
language, we will write St(ML,I') for the class of all modal structures
for ML which are I'-structures.

DEFINITION 24. Let U = (o7, K, R, O, N> be a modal structure for
the modal language ML. The universe of U is defined to be

U@ = u{|,|: keK},
where |«7,| is the universe of the classical structure ./,. The skeleton
of A is defined to be

sk@) = K u U).

We will agree once and for all that for any modal structure U =
<Mk’ K7 Ra Os N>7 K N U(Q[) = ﬂ

DEFINITION 2.5. Let A be a modal structure for the modal language
ML. An assignment in U is a map v from the set of variables of ML to
U ().

DEFINITION 2.6. Let A be a modal structure for the modal language
ML, let a be a term of ML, let v be an assignment in 2, and let ke K.
We define the denotation of a in U at k under v, a**[v], by recursion on
the length of a as follows: *

@) x**[v] = v(x).
f(@i*[v], ..., a5 [v]), if
al*[v]e|,| for i=1,..;
al**[v], where j is minimal
with  al"*[v] ¢ |,

(i) (fay...a,)%*[v] =

, otherwise.

* Note that variables are being treated as rigid designators in the sense of Kripke (1972,
while the fact that individual constants are 0-ary function symbols admits the possibility
that no closed terms might be rigid.
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DEFINITION 2.7. Let U be a modal structure for the modal language
ML, let A be a formula of ML, let v be an assignment in U, and let k e K.
The relation Ak ,A[v] is defined by recursion on the length of A as
follows:
(@) Aa=b[v] iff a®*[v]=,b"*[v].
)  Unpa, a.v] it p@PD], .. a0
(iii) A=A vB[v] iff A5A[v] or URB[v].
(iv) Ak, A[v] iff not —URA[v].
(v) AR, IxA[v] iff for some a € ||, WK A[v()], where v() is
that assignment p in U such that u(x)=a and pu(y) = v(y)
for y distinct from x.
(vi) Ak, 0A[v] iff keK— N or for some k' eK with kRK,
Wk AlVv].
We will write WA [v] if WEgA [v]. Clearly if A is a sentence then Wk, A [v]
is independent of the choice of v and so we write A=A to mean that
Ak, A[v] for some (any) choice of v. Similarly for AFA. We say that a
formula A is valid in U if W=A[v] for all assignments v in U such that
for all free variables x of A, v(x)e|</o| (we say that v is local for A;*
more generally, if v(x) € |«/,| for all free x in A, v is local for A at k). If
T is an S-theory formulated in the modal language ML, an S-structure
A for ML is said to be an S-model of T if every axiom of T is valid in 2.
Two modal structures A, B for ML are elementarily equivalent (U = ‘B)
iff for all sentences A of ML, AEA iff BEA.

DEFINITION 2.8. Let S be a modal system formulated in the modal
language ML, and let I be a set of sentences of LB.

) S is valid with respect to I' if for any formula A of ML and any
structure W e St(ML, I'), if FSA, then A is valid in 2.
(ii) S is complete with respect to I if for any formula A of ML,

if A is not derivable in S, then there exists a structure
A e St(ML, I') and an assignment v in 2 such that WA [v]
and vis local for A.

(1ii) I’ is characteristic for S if S is both valid and complete with
respectto I'.

* Our semantic treatment of individuals and predicates is closely related to that of the
system Q3 of Thomason (1970); however, our restriction to local assignments in the defini-
tion of validity accounts for our syntactic differences from Q3. This restriction is natural,
since in light of (2.7v) it preserves the classical fact that a formula is valid in a structure iff
its universal closure is valid.
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In §§3, 4 we will see that quite a few of the modal systems introduced
in the literature possess characteristic sets I'. Here we will describe some
sentences of LB which will be used to construct those characteristic sets.

Refy Yw[N*(w) > wR*w].

Symy Yww [N*(w) & N* (W) & wR*W — wR*w].

Trany Yw, wows [N*(w, ) & N* (w,) & w R*w, & w,R*w; —
wiR*w;].

Cly Yww [ N*(w) & wR*W — N*(w)].

Norm YwN*(w).

x;R*x,,s>1 3y, ... 3y, [x;R*y, &y, R*y, & ... &y, |R*x,].
x,R*!x, x,R*x,.

x;R*%x, Xy = X,.
CD, Refy.
CD, Yw[N*(w) - 3w [wR*w ]].
CD; Symy.
CD, Trany.
CD. Cly.
CDg Trany & Cly.
CD, Ywiwows [N*(wy ) &w,R*w, & wiR*w; > w,R*w; .
CDy Yw[3Iw [N*(w) & wR*w] - wR*w].
CD, Yww [N*(w) & wR*W - w = w].
CD,o YW [N*(w) - Iw[wR*w& 1 N*(w)]].
CD,, v [N*(w') — Iw[wR*w & N*(w)
& 3w’ [wR*w']].
CD,, Yw -1 N*(w).
CD,; Symy & Refy.

CD,4(m,n,p,q) Ywiw,ws[N*(w;)& wR*"w, & w,R*"w; —
Iw, [wR**w, & wiR*w, ]].

DEFINITION 2.9. Let S be a Lemmon system obtained by adding
to C2 either R3 or some of A1-A14 or both. The set Iy is defined as
follows:

() I'c, is empty.

(11) If A; is an axiom of S, then CD, is in I.

(iii) If R3 is a rule of S, then Norm belongs to I.

DEFINITION 2.10. Let S be a Feys system obtained by adding to S2
either R3 or some of [(JA1-[JA7, [(JA13, (JAI1S, or both. Then the set
I'sis defined as follows:
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1) Ig,- consists of N*(O*).

(ii) If OA;isan axiom of Sfori=1,...,7,13, then CD; in in .

(ii1) If (JA1S5 is an axiom of S, then CD,, is in I.

(iv) If R3 is a rule of S, then Norm belongs to I.

If S is one of the systems just considered and A is a I'g-structure, we
will usually refer to U as an S-structure. Thus we will speak of C2-
structures, S4-structures, etc. We will see in §§3—4 that for each of the
specific Lemmon or Feys system S mentioned above, the set I's is charac-
teristic for S.

DEFINITION 2.11. Let U = (%, K,R,O,N> and B = (%4, L.S,P,M>
be modal structures for the modal language ML. A protomorphism
from A to B is a map m: sk(U) — sk(B) such that:

) m maps K into L and m(Q) = P.

(i) ke N& kK e K & kRK — m(k)Sm(K).

(iii) keK—N-mk)eL-M.

(iv) foreach keK, ae || —>m(a)€|B -

(v) foreach keK and all a,a € |o/,|, a =, d o m(a) = ,4m(d@).

DEFINITION 2.12. A monomorphism from U to B is a protomorphism
from A to B such that:

0] for each n-ary function symbol f of ML, each k €K, and all
ay,..., 0y € |‘52{k|’ m(f(ay, ..., ) = mgofmo (m(ay), ..., m(a,));

(i) for each n-ary predicate symbol p of ML (including =), each
keK,and all a;, ..., a, € ||, pulay, ..., @) = Py (m(ay), ...,
m(a,)).

(iii) for each keK and all a,d' € |o/,|, a#,d implies m(a) % ,q,

m(d).

We will write m: A - B to indicate that m is a monomorphism from
A to B. Note that such an m is not necessarily one-one on the set of
worlds K. However, though m may collapse some worlds in K, it always
homomorphically preserves the structure of R and takes normal worlds
onto normal worlds and queer worlds onto queer worlds. Given k€K,
m may also fail to be one-one on |<sz/ kl- However, given a,d €|</,|, we
can distinguish a and « in o/, with =, iff we can distinguish m(a) and
m(d') in B4 With =,,,. Thus in fact, m induces a one-one map from the
equivalence classes of |.«7;| under =, into |#,,4|. If m is in fact one-one
on K, we say that m is a strong monomorphism and write m: A S B,
Finally, m is faithful if for all k,k’ € K, kRK iff m(k) Sm(K’).

DEFINITION 2.13. Let A and B be modal structures for ML and let
m:UA— B. We say that m is an elementary embedding of N in B if for all



MODAL STRUCTURES AND MORPHISMS 13

formulas A of ML, all k€K, and all assignments v in 9 which are local
for A atk,

(2.14)  ARA[V] iff BE,uA[mov].

In this case, we write m: A= B. If, in addition m is strong, we write
m: A 3=, B. Finally, if keK, the truncation of U at k, trc,(A), is the
structure (%4, L,S,P,M) where L = {k} U {k'eK: kR*k'},S=R[(L x L),
P =k M= NnL, and for leL, #, = .«/,, where R® is the ancestral of R.

THEOREM 2.15. Let A={+,K,R,O N> and let U4 =
(o, K, R¥#,0,N), where R # is obtained from R by deleting all pairs
{k, k') such that ke K — N =Q. If id is the identity map on sk(W#)=
sk(), then id: A # 55 A,

Proof. In this case, (2.14) reduces to

(2.16) U= A[] iff AEA[].

We verify this by induction on the length of A. If A is atomic or has —,
v, or 3 as its principal logical symbol, the procedure is simple. Suppose
that A is OB. If k € Q, both sides of (2.16) hold by (2.7vi). So suppose that
k e N. Then using (2.7vi) and the induction hypothesis

A oB[v] iff VK eK[kRK &U=B[v]],
iff VK eK[kR #k&U ik B[v]],
iff W, OBv],

noting that since ke N, kRK iff kR 4k. H

In view of Theorem 2.15, we will henceforth assume that all our struc-
tures A = (., K R, O, N> are such that R n(Q x K) = ¢; ie.,

BN EYw[ TIN*(w) - 71 IwwR*w ].

Thus if k is a queer world, no world is accessible from k, not even k
itself.

Given a base Z = (K, R, O, N>, we write, as above, kR"k’ to mean that
for n =1, kRK’, and for n > 1, there are k4, ..., k,_, €K such that kRk,,
kRk;, fori=1,...,n—2, and k,_,Rk’. (We are counting the number
of ‘links’ between k and k'.) We say that 2 is weakly connected if for all
keK, k #+ O, there is an n so that OR"k. We define the heart of #, %),
to be 4| h(K), where

h(K)={O}u {keK: forsome n=1, OR"%}.
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If A = (o, K, R, O, N> is a modal structure and OeL < K, we define
AL to be the modal structure %,,L,S,P,M) where S=R[L, P =0,
M = N nL, and for leL, #, = o/,. Then we define the heart of A, h(A),
to be AT h(K).

LEMMA 2.17. If S is one of the modal systems specified in §2 and U
is an S-structure, then A() is also an S-structure.

Proof. All of the conditions CD1-CD14 and Norm are either universal
sentences or of the form VYw,...w,3w[w;R"w& D], where D is open. It
follows from the definition of h(b(A)) and the Los—Tarski Theorem (cf.
Shoenfield, 1967, p. 76) that if any of the these sentences holds in b(2),
it also holds in A(b(2)). A

LEMMA 2.18. If U is any modal structure, then k() is an elementary
substructure of 2.

Proof. Let v be any assignment in h(2) and let ke h(K). We show that
h(A)EA[v] iff Ak A[v] by induction on the structure of A. Most of
the cases are simple; we will consider the one in which A is ©B. Now
keK — N iff ke h(K) — (h(K) N N), so we may assume that ke N. Clearly
h(W)E, ©B[v] implies A, ©B[v]. Now suppose that Uk, ©B[v], so
that for some k'eK with kRK, Ak, B[v]. Now for some n, OR", so
OR"*'k’, and so K €h(K). Then by induction h()kE, B[v] and h(A)k,
oB[v]. 1

Important Convention: In the remainder of this work, unless explicitly
stated to the contrary, we will assume that all the structures considered
are weakly connected. The difficulty with structures which are not weakly
connected appears to be this: A sentence A of ML is understood as
making a statement about a structure U from the point of view of the
distinguished world O: WEA means WEqA. This is especially evident in
our definitions of validity and elementary equivalence. If keK — h(K),
there appears to be no way to use a sentence A of ML which could make
any reference to k or impose any condition upon ;. Theorems 6.11
and 7.1 show that for weakly connected structures we can use the for-
mulas of ML to impose substantial conditions on the .<7,.

We also agree to write Wk, A[v] only when v is local for A at k.
Note that if v is local for A at k and kRK/, then v is local for A at k’ since
|| < |y .

Finally, we say that W is a weak tree if for all k ¢ K, the set {k’ ¢ K: kK'Rk}
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is linearly ordered by R, and we say that a system S has the weak tree
property if every S-theory T which has an S-model has an S-model which
is a weak tree. Note that as we use the terminology, a linear ordering
is not necessarily anti-symmetric, so that weak trees may contain points
k' and k" with kK + k", kK Rk”, and K"RK'.

Given A = (¥, K, R, 0, N), define E(A) = (4, L,S,P,M) as fol-
lows. First set

L = () [b(trc,(A) x NAT x {k}],
keK

where NAT is the set of natural numbers. Then define

{x,mk>S{ymk' > iff k=K &n=m &xRy,

P =<0,0,0),
and
M = {{x,n k):xeNj}.

For {x,n, k> = leL, set B, = ..

LEMMA 2.19. For any k, k' € K with kR®k’, the following holds for all
formulas A and assignments v:

(2200 AR A[v] iff EQA)EA[V],
where | = (k’,n, k) and ne NAT.

Proof. This is verified by induction on the formula A, and as in the
previous lemma, is simple when A is atomic or has its principal symbol
among 7, V, or 3. Suppose that A is OB. If K e K — N, then leL — M,
and so by (2.7vi) both sides of (2.20) will hold. Now suppose k'€ N and
hence I € M. Then by (2.7vi), if Ak, ©B[v], let k” be such that KRk’ and
A, B[v]. Then by the induction hypothesis,

EQ)E,B[v],
where I’ = (k”,n, k) since kR*k”, and hence
(2.21)  EA)E, oB[v].

Now suppose that (2.21) holds. Then by (2.7vi), let I e L be such that
ISI" and

E()E, B[v].
Then by the definition of S, there must exist a k"eK such that I'=
(k’,n,k> and K'Rk”. Then by induction, Ak,.B[v] and so Ak, A[v]. B

COROLLARY 2.22. The map ¢:U—E(A) is a strong elementary
embedding where ¢(k) = (k,0,k) and ¢[ || = id.



§3. VALIDITY

We will show here that if S is one of the specific Lemmon or Feys sys-
tems considered in §2 then S is valid with respect to I.

LEMMA 3.1. If S is one of the specific Lemmon or Feys systems con-
sidered in §2 and A is an axiom of S, then A is valid in every S-structure.

Proof. We consider each of the specifically modal axioms listed in §1;
we will omit consideration of the axioms and rules for the underlying
classical logic. In each case U =<, K,R, O, N> will be an arbitrary
S-structure and v will be an arbitrary assignment in U and keK. We note
that it follows from the definition of [] that

AF,CA[v] iff keK and for all K€K with kRK,
Ak, Alv].

First we consider the Lemmon systems.

AO: If O€Q, then not —AE, (A - B)[v], so AEAO[v]. If OeN,
assume AF (A - B)& OA[v] and assume ORk. Then A A — B[v]
and AFA[v], so AF,B[v] and hence AL OB[v].

Al: If OeQ, not —AECA[v]. If O€eN, since A meets CD1, then
ORO,so AEA[V].

A2: If OeQ, not —AEDOA[v]. If OeN, by CD2 there is a k' eK with
ORK'. Then AF, A[v] and so AR OA[v].

For most of the remaining axioms we will omit consideration of the
case when Q€ Q since the reasoning is trivial in that case.

A3: Suppose AEA& OB[v] and let ORk (if there is no such k,
AL OCA[v] holds vacuously). If keQ, then Ak, ©A[v]. If keN, by
CD3, kRO, so that A, OA[v] since UFA[v]. A OCA[v] follows.

To condense the presentations we will omit the statement that the
antecedents of the axioms hold at O.

A4: Let ORK. If keQ, not — A, JA[v]. If keN, let k'eK with kRK
and assume A, CJA[v], so A, Av]. By CD4, ORK, so Uk, A — B[]
and the result follows.

AS: If ORk, then by CD5, keN and the result follows.

A6: Similar to A5.

16
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A7: Suppose ORk and AF,A[v]. Let KeK be arbitrary with ORK’.
By CD7, kK'Rk, so Uk, OA[v] and so AL OOA[v].

A8: Suppose ORk and assume Wk, JA[v]. Since OeN and ORK,
by CDg, kRk, and so A, A[v] and hence Ak (A - A)[v].

A9: Assume that A=A [v] and ORk. By CD9, k = O, and so A A[v].

A10: If 0eQ, not —AEOOA[v]. If OeN, by CD10 there is a ke Q
with ORk. Since not — [, [JA[v], it follows that A — CJCIA[v].

All: If 0eQ, AL O OA[v]. If OeN, by CD11 there is a keN with
ORk with no k' such that kRK". Thus Ak, JA[v] vacuously and so
AR A[v].

A12:Since 0 Q by CD12, A CA[v].

A13: The second conjunct is treated as for Al. For the first conjunct
we may assume OeN, and suppose AF o JA[v]. Let ORk. Then
Ak, 0 OA[v], so there is a keK with kRkK and Ak, JA[v]. But by
CD13, KRk and so we must have AF,A[v], and so AL CA[v].

A14: Suppose AL o"[I"A[v] so that since OeN, for some keK with
OR™k, Ak, O"A[v]. Let K eK with OR?k’. By CD14, there is a k€K
with kR"k” and K'R%”. Since Wk, [J"A[v] then Ak, A[v] and since
k'R, it follows that Wk, ©1A[v], so Uk 0P 0IA[v].

Next we consider the Feys systems. For axioms AlI'-A7, A10 the
reasoning is quite similar to that for A1-A7, A10 respectively, and so
we omit the details. Recall that in this context we always have OeN.

Ag%': By CD¥ there is a keQ with ORk. Then AE;0A[v] and so
WE0OA[v].

AY: By CD9 there is a ke N with ORk such that for no K'eK do we
have kRk'. Then A, [JA[v] holds vacuously and so Ao OA[v].

For (JAl'-[JA10 the reasoning is similar to that for Al'-A10". We
consider one example.

JA7 : Recall that OeN and let keK be such that ORk. If keQ, not
—AE, OB[v], so assume keN and that Ak, OB[v] and A, 0A[v].
Then for some k' €K with kRK, we have A, A[v]. Let k" €K be such
that kRK". If k"’€Q, then Ak, OA[v]. If k’eN, by CD7, since keN,
kRK’, and kRk”, then k"RK. But this yields 2k, 0A[v], so WK, O0A[v],
as desired. This completes the proof of the Lemma.

LEMMA 3.2. If S is one of the specific Lemmon or Feys systems con-
sidered in §2, if W=, K,R, O, N> is an S-structure and k€K, then
trc () is again an S-structure, provided that when S is a Feys system,
ke N.

Proof. Tt is clear that trc,(2) is again a modal structure. Now if C
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is one of CD1, CD3-CD?9, CD12, CD13, or Norm, then C is equivalent
to a universal sentence. Now b(W)EC and b(trc,(U)) is a substructure
of b(A). Hence by the Los-Tarski Theorem (Shoenfield, 1967, p. 76),
b(tre,(AN))EC. If C is CD2, CD10, CD11, or CD14, C is equivalent to
a sentence of the form Vx ... Vx,3y[x;R*y & D], where D is open. It
then follows from the definition of truncation and the Los-Tarski Theo-
rem that b(trc,(A))C. B

LEMMA 3.3 If A is a formula of ML which is a classical theorem (cf. §1),
then A is valid in any modal structure.

Proof. We proceed by induction on the length of the given proof of
A. Note that the only axioms used in this proof are instances of axioms
of the classical predicate calculus and the only rules used are non-modal
rules. The details are easy but tedious, so we omit them. Il

CONSISTENCY LEMMA (34). If S is one of the specific Lemmon
or Feys systems considered in §2 and if FSA, then A is valid in every
S-structure.

Proof. We proceed by induction on the length of the given proof of
A in S. By virtue of Lemma 3.1 it suffices to show that the property of
being valid in every S-structure is preserved by the rules of inference of
S. This is simple for the non-modal rules. Let A =</, K,R, O, N>
be a fixed S-structure and let v be an arbitrary assignment in 2. We
first consider the Lemmon systems.

R2: Suppose that A—B is valid in all S-structures. If OeQ, then
not —AEA[v], so assume OeN and that AE[JA[v], and let keK
be such that ORk. Then A, A[v]. Now it is easy to see that for any A,

A A[v] iff tre(A)EA[V].

Now by Lemma 3.2, trc, () is again an S-structure and so by hypothesis,
A, A - B[v]. Hence A, B[ v], as desired.

R3: Suppose that A is valid in all S-structures and let keK. By Lemma
3.2, trc, () is again an S-structure and so A A[v]. Since S includes
R3, then N =K, so O€eN, and hence Uk JA[v].

Now we consider the Feys systems.

R2': Suppose [J(A — B) is valid in all S-structures. Since U is now a
Feys structure, OeN. Let kK with ORk. If ke Q, then not — Uk, JA[v],
so assume that Ak, JA[v] with keN. Since ke N, then trc, () is an
S-structure and so A, [J(A — B)[v] by hypothesis. Thus for any ¥ with
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kRK we have Uk, A&A—-B[v]. It follows that AL, OB[v] and so
A CI(0A - OB)[v].

R3,: Suppose A is classical theorem and ke K. By Lemma 3.3, U, A[v]
and so AE CA[v]. This completes the proof. B

VALIDITY THEOREM (3.5). Let S be one of the Lemmon or Feys
systems specifically considered and let T be an S-theory. If F}A, then A
is valid in every S-model of T.

Proof. Let A be an S-model of T; in particular, A is an S-structure.
Since F§A, there are nonlogical axioms B, , ..., B, of T such that F5 1B, v
... V7B, v A. By the Consistency Lemma, =B, v ... v 1B, v A is valid
in A. But since A is an S-model of T, B; is valid in A for i=1,...,n,
and so A must be valid in 2. il



§4. COMPLETENESS

Our approach to the completeness problem is in the style of Henkin
as developed by Lemmon and Scott (1966), Makinson (1966), Routley
(1970), Schutte (1970), van Fraasen (1969), and Thomason (1970) (cf.
also Aczel (1968), Aqvist (1971), Kripke (1959), and Thomason (1968)).
An S-theory T is said to be S-consistent if there are no nonlogical axioms
B, ..., B, of T such that

(4.1) F—1B, v...v B,

This is clearly equivalent to the assertion that there is no formula A
such that F§A A 1A. An S-theory T in the language ML is said to be
S-complete iff T is S-consistent and for every sentence A of ML, either
FSA or FS1A. An S-theory T in the language ML is called a Henkin
theory iff for every formula A of ML whose only free variable is x, there
is an individual constant ¢ of ML such that

@2  FIxA-A[c].

Finally, the S-theory T is said to be an extension of the S-theory T if
the language of T  includes the language of T and for every formula
A of the language of T, F§A implies F§. A.

LINDENBAUM'S LEMMA (4.3). Any S-consistent S-theory T can be
extended to an S-complete theory.

Proof. Just as in the classical case, let 7 be the set of all S-consistent
extensions of T in the same language as T. Then TeZ and it is easy to
see that the union of any chain in 4 under < is again an S-consistent
extension of T and so by Zorn’s Lemma (cf. Halmos (1960) or Kuratowski
and Mostowski (1968)), 7 contains a maximal element, call one such T".
Then T is S-consistent. If T'[A] is S-inconsistent, then F}. =1 A. Hence if
neither H} A nor H. 71 A, then both T'[A] and T’[—1 A] would be S-con-
sistent, contradicting the maximality of T”. Thus T’ is S-complete. ll

It is easy to see in fact that T is a maximal S-consistent S-theory iff T
is S-complete.

20
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LEMMA 4.4. Let S be a Lemmon system and let T be an S-consistent
S-theory such that for some B, F5[OB. Suppose F5¢A and let d,T be
the S-theory whose nonlogical axioms consist of A and all C such that
F$OC. Then d,,T is S-consistent.

Proof. Suppose d, T were not S-consistent. Then there would be for-
mulas C,, ..., C, such that F5[C; for i=1,...,n and

F=C,v...vC, Vv A,

If n=0 we have F*—1A so FB— 1A and so by R2 FS[OB— [O0A.
Then by tautology it follows that F}[J—A and then by definition of [,
F$— ¢=11A. Then by Theorem 1.10, -5 1A, contradicting the S-con-
sistency of T.

Suppose n > 0. Then by R2 and repeated use of axiom A0 and tautol-
ogy, we have

l-"SrE]CI—->| DC2—>| .8 E]C"—-> E]_|A

Since FXC; for i = 1, ..., n, then by tautology, F3[J—1A, and as above,
we have F5—1 0A, again contradicting the S-consistency of T. Il

For any S, U, U’, and n =0, we let d"(U,U’) be the S-theory whose
set of non-logical axioms is

{A:FS0OA} U {0"B: H B},
and we let ¢™? be the S-theory whose set of non-logical axioms is
{(ACFSOA} U {A: L OA) .

For the following, let CS be the system with no non-modal axioms or
rules, i.e., the theoremsof CS are what we called classical theorems in §1.

LEMMA 4.5. Let S be a modal system containing A0 and closed under
R3,, and let T be an S-consistent S-theory such that F§ ¢A. Let d,T be
the S-theory whose nonlogical axioms are A together with all B such
that 15 [JB. Then d, T is CS-consistent.

Proof. If d,T is not CS-consistent there are B,,...,B, with n=0
such thatfori=1,...,n 5} B;, and

(4.6) FS—B, v...v B, Vv A,

Ifn =0, then F1 A, so FS[J1A and hence F3—1 0611 A. Since FA
—1 1A, then FS[J(A < 1 71 A), and so by Theorem 1.8, F5—1 0A and so
F$—1 0 A, contradicting the S-consistency of T.
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If n > 0, by (4.6) and R3, it follows that
OB, —»sB,—>»s ...~ s B,—> TA).
Then by repeated use of A0 and tautology,
FOB;, -« OB,—>s ...~ OB,—» OA.

Since F}[OB; for i=1,...,n, then F}[J1A, and as above, F—10A,
contradicting the S-consistency of T.

LEMMA 4.7. Let S be a modal system and let T be an S-consistent
S-theory. Then T can be consistently extended in S to a Henkin theory.

Proof. We adapt the method of Shoenfield. Let ML be the language
of T. We define the special constants of level n with S and T by induction
on n as follows. Assume these have been defined for n < m and let ML,,
be the language obtained by adding all these special constants to ML
as new individual constants. Let 3xA be any closed formula of ML, _,
such that if m > 0, then A contains at least one special constant of level
m — 1. Then the symbol

48  Cia
is a special constant of level m wrt S and T, it is called the special constant
Jfor the formula 3xA. Then formula

(4.9) IXA > A,[e],

where e is the special constant (4.8), is called the special axiom for the
special constant (4.8).

Let MLET be the language obtained from ML by adding the special
constants of level n wrt S and T as new individual constants for all n > 0.
Let Tc be the S-theory formulated in ML whose axioms are those of
T together with all the special axioms (4.9) for all the special constants
(4.8) of all levels. Let T' be the S-theory whose language is ML and whose
non-logical axioms are just those of T. Let A be a formula of ML and
suppose that F3_A. Then there must be special axioms By, ..., B, and
nonlogical axioms Cy, ..., C,, of T such that

FC,>us..»8C,»sB, 5B, > ... > sB,>A.
Then we get
B, >sC,>s..-28C,—>8sB,>... 5B, A.

We may assume that the level of the special constant C; for which B,
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is a special axiom is at least as great as the special constants for which
B,, ..., B, are special axioms. It follows from the definition of special
constant and axiom that:

(a) By is of the form 3xC — C,[c, ],

(b) ¢, does not occur in C,B,,...,B,, A, or Cy,...,C,. Then by the
Theorem on Constants (1.6), if y is a new variable not occurring in
B,,...,B,,A,orC,,....C,,

FExC—>C[y])28Ci—>a...58C, > B, >s ... >
—-sB,—A.

Then by the 3-Introduction Rule,
FIy(IxC - C,[y])»> s C,—>n...>8C,—»sB, > ...
—-sB,—A.

But then by the classical prenex operations and change of bound vari-
able, F33y(3xC — C,[y]). so that

FK.B,—>s..>sB,>A.

By induction on n, it follows that 3.A and then once more by the Theo-
rem on Constants (1.6), F3A. Thus T¢ is a conservative extension of T
in the sense that for any formula A of ML, F;_A iff F}A. Then if T¢ were
inconsistent, for any formula A of ML we would have 3 A& —1A and
so FSA & 71 A, contradicting the S-consistency of T. It is clear that Tc is
a Henkin theory. H

In the following, let * be a function on S-theories such that for any
S-consistent S-theory T, T* is an S-complete extension of T. We write
T for (Te)*.

DEFINITION 4.10. Let S be a Lemmon system and let T be S-con-
sistent. We define the canonical structure for T, A =<, K, R, O, N>,
as follows. Let K be the smallest set of S-theories such that T¢ eK and
(i) UeK & 0A & for some B, F}; (1B = (d,U)¢ €K ;
(i) U, UeK&n=0&{A: FH,O""'A} < U= (@(U,U))¢ eK;
(iii) nqg=0& U, UecK= ("YU, U))¢ cK.
Note that card(K) < card (ML(T)) where the latter is the cardinality of
the set of all formulas of ML(T). We set O = T¢, set

N = {UeK: for some B, -}, (1B},



24 SECTION 4

and for U, U €K, we define
URU' iff {B: F{0B} < U’ & for some B, +,(IB.
Note that we always have UR(d,U)¢.

To define the <7, for k = UeK, we proceed as follows. |.oZ,| consists of
all closed terms of ML(k), where keK. For e,€ €|/,|, we define e = ¢
iff Fe=¢. Moreover, if f is an n-ary function symbol of ML and
e, ..., e,el| we set f (e, ..., e,) equal to fe, ...e,. Finally, if p is an
n-ary predicate symbol of ML, then define p, (e, ..., ¢,) iff Fipe; ... e,.
It is easy to check that =, is an equivalence relation on |«,| and is in
fact a congruence for each f, and p,. This completes the specification
of . It is easy to see that if kRK, then |«Z,| < |#/,|, so that 2 is a modal
structure.

Let us first make an observation which will prove important later.
Suppose that S is a semi-normal system and let U, U’, and U” ¢ K where
U'RU and U”RU. Let B be a closed formula of the common language
of U and U” such that Fy.B. Then by R3, +y.[OB, and since URU,
then FyB. Suppose also that Fy. =1 B. Then also by R3, }y.[J1B, and
since U"RU, +y 1B, contradicting the S-consistency of U. Thus not
—Fy» 1B, and since U” is S-complete, Fy.B. Thus U'RU”. Similarly,
U”RU'. Thus the canonical structure is a weak tree when S is semi-
normal.

LEMMA 4.11. Let S be one of the Lemmon systems specifically con-
sidered in §2, and let T be an S-consistent S-theory. Then the canonical
structure for T is an S-structure.

Proof. We consider the cases of the various axioms and rules in turn.

(Al). Suppose Al is an axiom of S; we must show that R is reflexive.
Let UeK. Then for any formula B, +{;(JB — B. Thus if B is an arbitrary
formula and +{;[JB, then B, and so URU.

Henceforth in each case we will omit the explicit statement that the
sentence A; in question is an axiom of S and that the condition CD; is
to be verified.

(A2) Let UeN so that for some formula B, F{,[JB. Then using A2,
F ¢B. Let U’ = (dgU)¢. Then U eK and URU as desired.

(A3) Let U,U eN and suppose that URU". Let A be such that . (JA,
and suppose not —F$A. Then since U is S-complete, F§ 1 A. Now since
UeN, then for some B, +$;[JB. Then by A3, F{,—1A - [J¢ 1A, and so
H;00A. Since URU’, then +. 1A and hence Ff,—1[JA, contra-
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dicting the S-consistency of U using Lemma 4.4. Hence we must have
F3A and hence U'RU.

(A4) Let U, VeN and WeK and suppose URV and VRW. Let A be
such that +§;[JA. Now for some B, F§[JB, and by Lemma 1.13, F§ (A -
(OB - JA), so that +,0(CB— [JA). Thus OB — [JA, so that
F$ JA and hence F§,A. Thus URU.

(AS) Let UeN, U eK and URU'. Since Ue N, then for some B, +;[JB.
Now B — x = x, so by R2, (OB — [x = x, and so };(Jx = x. Then
by AS, F;00x = x and hence . Ox = x and so U'eN.

(A6) To show Cly, note that 5 A5, and proceed as above. For Trany,
suppose U, VeN, WeK, URV and VRW. Let F;[JA. By A6, +},1JA,
H CJA, so F{,A, and thus URW.

(A7) Let UeN, V, WeK, URV, and URW. Let +,[JA. Suppose not
—F$vA. Then not — H;[JA and since U is S-complete, this yields H,— [JA
and so + ¢ 1 A. Now since UeN, then for some B, 3,(JB, and using
A7, we get FS01A > [001A, and hence F[001A. Thus H,¢1A
and so Hy, 71 [JA, contradicting the S-consistency of V, using Lemma 4.4.

(A8). Let UeK and suppose that U'eN and U'RU. Let F;[JA. Since
U'eN, then +§,, (OB for some B. Using A8, I}, (J(CJA — A), so F;[JA — A,
so FJA, and thus URU.

(A9). Let UeN, U’eK, and suppose URU and that F§A. Since UeN,
for some B, F},(OB, and using A9, F{A— [JA, so F;[JA and hence
. A. By the S-completeness of U and U’ it follows that FA iff A
and so (identifying a theory with its set of theorems), U= U".

(A10). Let U eN. Then for some B, +{/B. By A10, +{, - O0Ox = x,
so F}. ¢ Ox = x. Letting U = (dg,=,U)¢, then Fj—1 Ox = x. Now
if UeN, then for some C, F{,[JC. Now F5C - x = x, so by R2, +},JC -
[CJx = x, and so we would have +§;(Jx = x, contradicting the S-consist-
ency of U (using Lemma 4.4). Thus URU&UeK — N.

(A11). Let U’eN, so that for some B, I}, (JB. Using A11, . ¢ Ox # x.
Letting U = (dg,,U)¢, by Lemma 4.4, UeK and U'RU, and H;Ox # x.
Suppose U”eK and URU”. Then Fx # x, contradicting the S-consistency
of U, since +3x = x. Hence there is no U”eK with URU".

(A12). Let UeK and suppose UeN. Then for some B, +;(0B. By
Al12, F0x # x. Then by Lemma 4.4, if U = (d,,,U)¢, then U'eK and
URU'. But we would have F.x # x, contradicting the S-consistency of
U’. Thus N = .

(A13). Refy follows by use of the conjunct [JA — A of A13 as in (Al).
Let U, U eN and suppose URU'". Let F§. [JA, and suppose not —FjA.
Hence by the S-completeness of U, ;71 A. Since by A13, FSJA— A,
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we must have 1 [JA. Consequently by (A13), F§ = OO0 OA, so that
F$ ¢ ¢ JA. Since UeN, then ;OB for some B, and hence there is a
U”eK with URU” such that .- 0[OA, so k.01 A. Hence by
(A13), H}.— DA,

(A14). To treat this general case, we first establish the following claim
(cf. Lemmon and Scott (1966). Theorems 2.7 and 5.3).

For any U, U e N, UR"U iff {A:+}[0"A} = U’. We proceed by in-
duction on n:

n=0: To show U=U iff {A:+{A} < U. One direction is trivial.
Suppose {A: FA} = U, A, and not —FA. By the Closure Theorem,
we may assume A is closed. Since U is S-complete, the ;1 A, and so
. 7 A, contradicting the S-consistency of U. Thus U = U'".

For n+ 1: Assume the claim holds for n, and suppose that UR"* U’
so that for some U”eN, UR"U” and U"RU". Suppose that +,[0"*'A.
Then by induction, H~-[JA and so F.A. For the converse, suppose that
{A: O 'A} = U. Let V=d"(U,U’), and suppose that V is S-incon-
sistent, say

F—A; V... VA VOB V.. V0B,
where fori=1,...,kandj=1, ...,

FOA; and HB;.
Then

FSA; A AA = OB, v...v[DB,
and so by Lemma 1.14,

FA; A ... AA—> OB, V... vB].
Next, since S is a Lemmon system,

FO[A; A ... AA]-O"'[2B; v... v aB],
and then by Lemma 1.14 again,

FOA; A ... A OA- O [0B, v... v OB].

Thus FO"*![B, v ... v 1B,], and so .~ B, v... v 1B, contra-
dicting the S-consistency of U’. Thus V must be S-consistent, and hence so
is V&eK. Since {A:F;0A} = V< V¢, then URVC Finally, suppose
that 5. [1"B, but that not ;. B. Then +. 1B, s0 H; 0" 1B, and hence
Fe T OB, contradicting the S-consistency of V¢. Thus {B: OB} =
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U’ and so by induction, V¢ R"U". But then URV{ and VER"U, so that
UR"*1U, as desired.

Now suppose that U,;,U,,U;€eK, that U,R™U,, U,RPU,;, and that
for some B, I-fjl OB. By our claim above,

{A:+},0"A} = U, and {A:+{ 0O0FA} cU;.
Let

W = {A:F,0°A} U {BH,, PB}.
Suppose W were S-inconsistent, say

F—A v..vaOA vaB, v...vaB,
where fori=1,...,kand j=1,..., ] F},[0"A, and +;,[0°B;. Then

FA, A ... AA,=> B, v... v OB,
and since S is a Lemmon system,

HO'[A, A ... AA]->O[7B; V...V OB].
Using Lemma 1.14

F, A, A ... A O"Ay—> "B, V... V"B,
and so

H,O0" B, v ... v [I"B,.

Using the maximality of U,, for some j, +;,[J" 1 B;. Now suppose- not
-y, ©"0O" 71 B;, so that by maximality of U,

Hy, 1 o' 1 By,
and so
Hy, OB,
a contradiction. Thus +j, ©"[J" 1 B;. But
H,OB— s O"[1"1B;» 070 B,
and so
kY, 07071 B,;.
Consequently,

s
Fu, ¢ B,
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so that
H, T O%B;,

contradicting the S-consistency of U;. Thus W must be S-consistent.
Thus W¢ eK and by our claim above, U,R"W¢ and U;R*W{¢, as de-
sired.

(R3). Let UeK. Then Fx = x, so F};[0x = x by R3 and so UeN.* B

DEFINITION 4.12. If S is a Feys system obtained from S2 by adding
the axioms [JAi,, ..., (JAi, and also adding axiom pairs A;;, (JA;;, Ay,
A, (and possibly R3), the associated Lemmon system S* is

S*=C2+ Al +Ai;+ -+ A+ A+ +Ay
(+ R3if present in S).

LEMMA 4.13. If S is a Feys system, then for any A, F5’A implies F5A.

Proof. First we show that F5*A implies F$[JA. We proceed by induction
on the length of the given proof of A in S*. If A is an axiom of S*, then
[JA is also an axiom of S. Now suppose that A is inferred from B and
B — A by modus ponens. By induction we have FS(OB and FS[J(B — A).
From the latter, A0, and modus ponens, we get FS[(IB— [JA, and so
by modus ponens once more, FS[JA. Finally suppose A is (O0B— (OC
and was inferred from B — C by R2. By induction, F(J(B — C). Then by
R2, FS2O(OB — C) which is F2[JA. But now suppose F°A, so that
FSOA. Then by Al, FS(JA — A, so that F5A. H

DEFINITION 4.14. If S is one of the Feys systems explicitly considered
in §2 and T is an S-consistent S-theory, let T* be the S*-theory whose
nonlogical axioms are all A such that F$A. Then the canonical structure
for T is defined to be the canonical structure for T*.

LEMMA 4.15. Let S be one of the Feys systems explicitly considered
in §2 and let T be an S-consistent S-theory. Then the canonical structure
for T is an S-structure.

Proof. First note that since F§[Jx = x, then F5«Ox = x, so Fy Ox = x,

* Our schema A14 (m, n, p, g) corresponds to the schema G’ in Section 4 of Lemmon-Scott
(1966). Conditions (ii) and (iii) on K in Definition 4.10 are required simply to carry through
the proof of Lemma 4.11 in the case corresponding to A14 — condition (i) is adequate for
all of A1—A13. We can easily formulate the schema analogous to the schema H’ of Section
5 of Lemmon-—Scott (1966). By adding further conditions analogous to (ii} and (iii) of
Definition 4.10, the proof of Lemma 4.11 could be carried through in this case.
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where U = (T*){. Thus the origin O of the canonical structure U for
T belongs to N. Now we consider the various axioms in turn.

(CJA1 and Al). Let UeK and suppose that F[JA. Then by Al (which
is an axiom of every Feys system here) and modus ponens, FA, and so
URU.

Note that by Al and modus ponens, if FS[JAi, then FSAi.

(OA2)-(OA7), (JA13). If [JAiis an axiom of S, then Ai is an axiom of
S*. So proceed as in the corresponding case (A2)—(A7), (A13) in the
proof of Lemma 4.11.

(CJA15). We have F"00—1 A, so F¥"— [JOA. Proceed as in case
(A10) of Lemma 4.11.

(R3). Proceed as in Case (R3) of Lemma 4.11. I

LEMMA 4.16. Let S be a Lemmon system, let T be an S-consistent S-
theory and let 2 be the canonical structure for T. Then for any keK
and any closed formula A of ML (k),

A iff AkA.

Proof. We proceed by induction on the structure of A. First we note
that is easy to prove by induction on the length of a that if a is a closed
term of ML (k) with keK, then a¥* is a. From this it immediately follows
by definition that if A is a closed atomic formula of ML(k), then FHA
iff Ak, AL

If A is —1B, then Uk, B iff not —AE,B iff (by induction) not —F1B
iff F§ 1B, the last equivalence by virtue of the S-completeness of k. If A is
B v C, then AE,B Vv C iff A, B or AE,C iff (by induction) HB or HC iff
FHB Vv C, the last equivalence again by the S-completeness of k since if
not —FB v C, then (B v C), so F$—B and F1C, which would
contradict the S-consistency of k.

Now let A be 3xB. If 2, 3xB, then for some ee|s/,|, A B[v()], for
any v. But then since e is a closed term of ML(k) and e®* is e, it follows
that 2k, B, [e]. Then by induction, FB,[e] and so by the substitution
axioms (cf. Shoenfield, 1967), we have +;3xB. On the other hand, suppose
that F$3xB. Since k is a Henkin Theory, there is a constant e such that
F3xB - B,[e] and so FB,[e]. Hence by induction, Ak, B,[e]. Then
since e™* is ee|</,|, for any v, AE,B[v(¥)], and so Ak, IxB.

Finally, let A be OB. Suppose that Ak, OB. If keK-N, then for no C
do we have F[JC; in particular, not —F[J—1 B. Hence by the S-com-
pleteness of k, 5= 01 B, and so F 0B by Theorem 1.10. If ke N, then
for some k' €K with kR, we have Ak, B. Then by induction F.B. Now
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suppose that not —F+;OB. Then by the S-completeness of k, H —1 0B,
so again by Theorem 1.10, k3 [0 1 B. Then since kRK/, . -1 B, contradict-
ing the S-consistency of k. Thus we must have + OB. For the converse,
suppose that F ¢B. If ke K- N, then by Definition 2.7, 2 5, ¢B. So assume
that ke N so that for some C, F{[JC. Then by Lemma 4.4 and the defini-
tion of K, there is a kK €K with kRk’ such that F.B. Then by induction,
Ak, B, and so A, OB, as desired. W

COROLLARY 4.17. Let S, T and U be as in Lemma 4.16. Then U is
a model of T.

Proof. Let A be a nonlogical axiom of T and let A’ be the universal
closure of A. Then F}A” and so F3A’, since O = T¢. Then by Lemma
4.16, AEA’ and so A is valid in A. Hence N is a model of T. M

COROLLARY 4.18. Let S be a Feys system, let T be an S-consistent
S-theory and let U be the canonical structure for T (cf. Definition 4.14).
Then U is a model of T.

Proof. Let A be a nonlogical axiom of T and let A’ be the universal
closure of A. Then F§A’ so that A’ is a nonlogical axiom of T*. Then
Hire): A" and since O = (T*)¢, then by Lemma 4.16, AFA’. Hence A is
valid in A and so Wis a model of T. A

COMPLETENESS THEOREM (4.19). Let S be one of the Leramon
or Feys systems specifically considered in §2, and let T be an S-theory.
Then T is S-consistent iff there exists an S-structure N which is a model
of T.

Proof. If such an S-structure exists, then by the Validity Theorem, T
is S-consistent. Conversely, suppose that T is S-consistent and let A
be the canonical structure for T. Then by Lemmas 4.11 and 4.15, U is
an S-structure, while by Corollaries 4.17 and 4.18, U is a model of T. B

If S is a modal system and I is a set of sentences of LB, we say that S
is strongly complete with respect to I if any S-consistent S-theory T has
a model which is a I'-structure. We say that I' is strongly characteristic
for S if S is both valid and strongly complete with respect to I'. Just as
for classical logic, it is easy to see that if S is strongly complete with re-
spect to I', then S is complete with respect to I'. Our last theorem shows
that if S is one of our specific Lemmon or Feys systems, then Iy is strong-
ly characteristic (and hence characteristic) for S.

Finally, we observe that compactness follows from strong complete-
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ness. A theory T is a (finitely axiomatized) part of T if the ( finitely many)
nonlogical axioms of T are all nonlogical axioms of T.

COMPACTNESS THEOREM (4.20). Let I be strongly characteristic
for the modal system S and let T be an S-theory such that for every finitely
axiomatized part T" of T, there exists a I'-structure which is a model of
T'. Then there exists a I'-structure which is a model of T.

Proof. Suppose there were no I'-structure which was a model of T.
Since S is strongly complete with respect to I', then T is S-inconsistent.
Hence there are nonlogical axioms B, ..., B, of T such that 1B, v ...
v 71B,. Let T" be the S-theory whose nonlogical axioms are B,, ..., B,;
then T is a finitely axiomatized part of T. But since S is valid with respect
to I', T’ can have no I'-structure as a model, contradicting our hypothesis.
Therefore, there must exist a I'-structure which is a model of T. R



§5. LOWENHEIM-SKOLEM THEOREMS

A cardinal constellation is a map c¢ defined on a set X such that for each
xeX, c(x) is a non-zero cardinal number. The constellation of a modal
structure W = (/,, K, R, 0, N>, c¥ is that constellation ¢ with domain
K such that for keK, c(k) =card(|=/;|). Let ¢ and ¢’ be constellations
with domains X and X', respectively. We write c= ¢’ iff X € X’ and
¢l X =¢, and we write c < ¢ iff X = X’ and for all xe X, c(x) < c(x).
We define card (ML) to be the cardinality of the set of all formulas of ML.
A cardinal constellation ¢ with domain including K is said to be appro-
priate for A if for all k, k' eK, kRk" implies c(k) < c(k’) and if U is a struc-
ture for ML, then card(ML) < c(k) for all keK.

DOWNWARD LOWENHEIM-SKOLEM THEOREM (5.1). Let
A =<,K,R,0, N> be an S-modal structure for ML and let F be a
function with domain K such that for ke K, F(k) < |#|. Let ¢ be a cardinal
constellation with domain K such that c is appropriate for 2, ¢ < ¢¥, and
for keK, card(F(k)) < c(k) and card{k’: k'Rk} < c(k). Then there exists
an S-modal structure B = (%, K,R,O,N> for ML such that ¢®=c,
for each keK, F (k) < |%,| and the identity map id: B — U is an elemen-
tary embedding.

Proof. We modify the construction of Tarski and Vaught (1957). For
each keK, let |.<,| be equipped with a well-ordering of type <card(|.«,|)*
such that if K'Rk, k +# k', ae|«,| — |/, | and be|e/,.|, then b precedes a
in this well-ordering (by our hypotheses, k can have at most c(k) <
card (|/|) predecessors). References to ‘first elements of |.#/| such
that ___ ’are relative to this ordering.

Now we simultaneously define the collections of sets {D%:n < w} for
all keK by induction on n. If n =0, for each keK let D§ < |/, | be such
that F (k) = D% and card (D¥) = c(k). Now assume that the D% have been
defined for all keK and m <2n. Then for each keK let D%, ., =
v {D%,: k'Rk} and let D%, , , consist of D%, , , together with all b such that
for some formula A of L whose free variables are x,y,, ...,y,, p =0, and
some ay, ..., a,€ D%, 41, bis thefirst element of |+, | such that AL, A [v(})]
where v(y;) = a; for i = 1, ..., p. Clearly m < n implies that D¥ < D* and
that card (D%) = card (D¥) = ¢ (k) for each ke K, since by induction,

32
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card (D%, +,) < c(k)-card {k": kK'Rk} < c(k)* = c(k),
and
card(D%,, ;) < card(L) - card(FS(D%, 1)) < c(k)-c (k)%= c(k),

where FS(X) is the set of all finite sequences of elements of X.

For each k, let |#,| = | Ju<, D so that F(k) = |%,| and card(|%,|) =
c(k). If f is an n-ary function symbol of L and b, ..., b,e| %,/|, define
f4.(by, ..., b,) to be the first ae|os;| such that a =, _f,, (by, ..., b,). Now
there must be an m such that by, ..., b, D%,, ; then the a just chosen is
also the first ae|</,| such that WEx =fy,...y,|v()], where v(y,)=b;
fori=1,...,n, and so aeD}, ., S B,. Hence | %,| is closed under fg, .
If p is any predicate symbol (including =), let pg, be the restriction of
P, to |%.|. If kRK', it follows immediately from the construction
that |#,| |, |. It follows that there is a classical structure %, for L
such that 4, is a substructure of .«/,. This defines ‘B.

Now we claim that if A is any formula of ML and v is any assignment
in B, then

BEAD] iff WAV

We proceed by induction on the structure of A. For atomic A this is
immediate from the definition of substructure, while for A of the forms
~1Bor B v C, the inductive procedure is simple. Let A be 3xB and suppose
B, IxB[v]. Then for some be|%,|, BEB[v()], so by induction, be|.«|
and AEB[v()], and hence Ak, IxB[v]. On the other hand, suppose
Ak, IxB[v]. Then for some ael,|, WEB[v()]. Now if y is a free
variable of B other than x, v(y)e|%,|. Let m be such that v(y)e D%, .,
for each free y in B other than x, and let b be the first element of.«/, such
that Ak, B[v(z)]. Then beDk, ., <|%,|, so v(}) is an assignment in
B, hence by induction UF,B[v(})] and therefore, BE,IxB[v].

Finally, suppose that A is ¢B. Then since b(B) = b (), using the in-
duction hypothesis we have: Uk, OB[v] iff IK'(kRK & Uk, B[v]) iff
Ik’ (kRk’ & BE, B[ v]) iff BE,OB[v]. Thus B <A, as desired. I

The following more defined version of this theorem will be necessary
below.

THEOREM 5.2. Let A = (&, K, R, O, N) be a modal structure for ML,
let OeJ <K, let ¢ be a constellation with domain J, let F be a function
with domain J, let R be the least transitive reflexive relation with domain
K containing R, and assume the following:
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(i) for keJ, @+F(k)<|yl.
(i) for keJ, card(F(k))<c(k)<card|«/,| and
card(ML) < c(k)

(i)  for kleJ, kRI implies c(k)<c().
(iv) for keJ,card({k'eJ:k'Rk}) < c(k).

Then there exists a modal structure B =<{%,;,L,S,P,M) such that:

19 JcLcK, O=P, and R[L*=S.

(2° for leL, %#,c4,.

(3° for leJ, F()=|#,| and card(|%])=c().

4°) the identity map id: B — U is an elementary embedding.

Proof. For each kelJ, let |o/,| be equipped with a well-ordering of
type <card(|.«/|)* such that if k.k'eJ. KRk, K #k, ae||— ||,
and be|«/,.|, then b occurs before a in this ordering (by hypothesis (iv),
k has at most c(k) < card(|d k]) R-predecessors in J, and by hypotheses
(ii) and (iii), for each such predecessor, there are at most card(|Z,|)
candidates for b). Reference to ‘first elements of |/, | such that ... will be
relative to this ordering. Let K be well-ordered in type card (K). References
to “first elements of K such that ... will be relative to this ordering.

We will define sets J, and D% for ke J, and also extensions c, of ¢ to J,,,
simultaneously by induction on n.

Stage n=0: Set J,=J, ¢, = ¢, and for keJ,, let Df < |=/,| be such
that card(D%) = ¢, (k) and F (k) = D}.

Now we will write X, ={)n<nXn X’k={leK:IXk}, and D**=
u{Df, kKeJ, Rk}

Stagen>0:

(i) n=0(mod 3). Set J,=J, and c¢,=c,_;. For each keJ,, set
Dk =D,

(i) n = 1 (mod 3). For keJ,), let ext, (k) be the set of all [eK such that
for some formula ¢A of ML with free variables y,, ..., y,, p =0, and for
some ay, ..., a, p =0, in D;¥, lis the first element of K such that kRI and
AEA[v], where v(y;) =a; fori=1, ..., p. Then set J, = J, U u {ext,(k):
keJ,}. For keJ,, set D = D)}, and set c,(k) = c,- (k). For leJ, — J,,
let Dy = --- = D}, = A, where D} is such that U {D¥: keJ,,, nR"l} < D} and
card(D}) = card(J,, " R"1). Set ¢, () = card (D}) ; moreover, let card(D})
be as small as possible within the foregoing restrictions.

(iii) n = 2(mod 3). Set J, =J,, ¢, = c,_,. For keJ,, let DX consist of
Df, together with all be|e/,| such that for some formula A of ML with
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free variables X,yy, ..., y,, p=0, and for some ay,...,a,eD}}, b is the
first element of |«7,| such that A A[vE)], v(y)=a, i=1,...,p.

We clearly have: m <n implies J,, < J, and D¥ < D*. Then set L =
Un<w. and for keL, set |#,|={ ),<,Dk. Since step (i) in the above
construction is repeated infinitely often, it is clear that if k, [eL and kR,
then | %,| = | 4,|. _

Next we claim that for any m < nand any keJ,,, the following all hold:

ca(k) = cu(k), card(D¥)=c,(k), card(J, "R7k)<c,(k),
and kk'eJ, and k'Rk implythat c,(k)<c,(k).
We verify this claim by induction on n. Under the hypotheses of the

theorem, the statements are immediate for n = 0. So assume that n >0
and0<m<n.

() n=0(mod 3). Since c,=c,_ 1, ¢,(k)=c,(k) is immediate by in-
duction. Now J, = J,,s0 J,nR'k = ), <,J ;N R’k and so by induction,
card(J, "nR'k)< Y, ., card(J, nRk) < Y a<nCe(k) = n-c, (k) = c,(k).
Thus using induction,

Calk) = c(k) < card (D)) < Y ey, Rk 2 <nCq(k’)

= Zk/e.l,,nl_l"kcn(k) = Cn(k)2 = Cn(k)-

Since J, = J,, and ¢, (k) = c,_ (k), the last statement of the claim follows
by induction.

(i) n=1(mod3). For keld,, c,(k)=c,_;(k) and so c,(k)= c,(k)
follows. For keJ,, card(D¥) = ¢,(k) by the same argument as given for
(i) above since D,* only depends on J,. And for leJ, —J,, c,(I)=
card(D}) by definition. Now let keJ,. Using the facts above and in-
duction, we have

card (ext, (k) < card(ML) - Yy < Y kes, nr ik Qs <nCs(K)
S k) Y gen ykes,nreicy (k)
< Ca(k) Y g<n 2 kes,nrekCqy(k)
< ca(k) - Y g <ncq (k) = c,(k).

Again let keJ, and suppose that k'eJ, and leext,(k’) AR’k. Then
k’Rl and IRk, so k’Rk. Thus by induction,

card(J, "R'k) < card(J,, "R'k) + Yy, card (ext, (k') nR'k)
S colk) + Yg<n 2 wes,~rencard (ext, (k') N R7k)
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= C,,(k) + Zq<" Zk’e.lqnﬁ”kcn(k,)
=¢, (k) + Zq < nZk’eJq AR'KCn (k)
= cn(k) +2q <ncq(k) ’ Cn(k) = cn(k)‘

And if leJ,—J,, then ¢,(l) = card(D},) = card (J ~R’I). Suppose
that I'eJ, — J,) and I'RI. Then for some k'eJ,, I'eext,(k), so k'Rl
and 'R, so K'RL Thus (J,, — J,)) " R"Iies,,~ R1€XE,(K) " R7L Hence

card(J, "RD < ¢,(0) + Yirery i €alk')
S eull) + Ywerponkrial) < 6o (1) + cu (1) = ¢, ().

Finally, let k', ke J, and suppose that k’Rk. Then:

(a) If k, k’eJ ), induction implies that ¢,(k") < c, (k).

(b) If k’eJ, and keJ, — J,, then by induction and the definition of
DX ¢, (k') = card (D¥) < card (D¥) = ¢, (k).

(c) Let k'eJ,—J, and keJ,. Then

cu(k) = max(card (J iy NRK'), SUPpesymiricCalk)))-

Let k"€ J,, n R’k so that k’Rk’. Since k'RK’, then k"Rk. Since k", k'€ J,,,,
by induction we have c,(k”) < c,(k). Hence c,(k") < c,(k).

(d) Letk,k’eJ, — J,. Then by the transitivity of R, J,, "Rk’ = J,, N
R’k and the claim follows.

(iii) n=2(mod3). Then J,=J, and c,=c,_;, SO c,(k)=c,(k),
card(J, "R’k) < c,(k), and k, k’eJ,&Kk'Rk implies c,(k’) < c,(k). And:

¢u(k) = ¢, (k) < card(D},)) + card (ML) - card (FS(D}}))
< Zq<ncq(k) + cn(k) ) .(;)=0 (Card (D;k))j
<Y <nCn(k) + cu(k)- R - card (D)) = card (D}})
= Zk’e.l(n)r\ rRCa(k) = Zk'eJ(,.,n & kCn (K)
= ¢, (k) -card(J,, "R’k) < ¢, (k)* = c, (k).

This verifies the claim. Setting S = R[ L? and for keL, &, =, | %/,
the theorem now follows. Il

If W is a modal structure, we define the cardinality of W to be Card(U) =
Card(sk()). The next theorem presents a simple version of the upward
Lowenheim—-Skolem phenomena.
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THEOREM 5.3. Let S be a Lemmon or Feys system which is strongly
complete with respect to a set I" and let T be an S-consistent S-theory
which possesses an S-model B in which |8, is infinite. Then for each
k = max(N,, card(ML)) there exists a I'-structure W which is a model of
T such that

card () = card (| |) = k.

Proof. Let {c;: 6 < k} be a set of mutually distinct individual constants
none of which occurs in the language ML(T). Let T’ be the theory
whose axioms are those of T together with {c, +# ¢,:0 <y < k}. Clearly
the given model B can be expanded to a model of T” for any finitely
axiomatized part T” of T". Hence by the Compactness Theorem, there is
a I'-structure which is a model of T’, so that T’ is S-consistent. Let 2
be the canonical structure for T'. By Corollaries 4.17 and 4.18, A is a
model of T' and hence of T. Now note that Card(ML(T")) = k. Then
since K can be generated (cf. Definition 4.10) in a countable sequence of
steps in which at most « elements are added at each step, then Card (K) <
k. From the definition of Henkin extension, we always have Card(T) =
Card(T). Since T’ contains exactly x individual constants, it follows that
for every keK, Card(|/,|) = . Hence

k <Card(sk(#))<Card(K)- 1 +x)=x+r2=x. R

To establish a more refined version of the upward theorem, we make use
of a translation from modal to classical formulas suggested by Haspel
(1972) and then exploit the resulting correspondence between modal and
classical structures. Let S be a modal system and let T be an S-theory.
We make use of a two-sorted classical language LS, which contains the
one-sorted classical language LB (cf. Kreisel and Krivine (1967) and Wang
(1952) or (1970), Chapter XII). The primitive symbols of LS are:

variables sort 1: w, w', w”, ...

sort 2: x yz x' y 2 x" ...

for each n-ary function symbol f of ML(T), an (n + 1)-ary function
symbol f* foralln =0,

for each n-ary predicate symbol p (including equality) of ML(T),
an (n + 1)-ary predicate symbol p* for alln =0;

equality: =

unary constant: N*

binary constants: R* and B*

individual constant: O*

logical symbols: =1 v 3.
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The formation rules for terms and atomic formulas are as follows:

(i) any variable of sortiis a term of sortifori=1,2.

(ii) O*is a term of sort 1.

(iii) if f is an n-ary function symbol of ML(T), if a is a term of sort
land by,...,b, are terms of sort 2, then f*ab, ...b, is a term
of sort 2.

(iv) if a and b are both terms of sort i, then =ab is an atomic
formula,i=1,2.

v) if a, ¢ are terms of sort 1 and b is a term of sort 2, then the

following are atomic formulas: N*a, aR*c, and aB*b.

(vi) if p is an n-ary predicate symbol of ML(T), if a is a term of
sort 1 and by, ..., b, are terms of sort 2, then p*ab,...b, is
an atomic formula.

Formulas are built up from atomic formulas using -1, v, and 3 in the
usual way, where quantification is allowed on both sorts of variables.

DEFINITION 5.4. Given an arbitrary term a of ML(T), we define the
translation a* of a in LSy in such a way that a* contains at most one vari-
able of sort 1. The definition is by induction as follows:

(x)* is x.

(fa,...a,)* is f*wa¥...a¥ where w is the first variable of
sort 1 not occurring in a¥, ..., a* and a¥ is the result of
substituting w for the free variable of sort 1 occurring in
a¥, ifany,fori=1,...,n

DEFINITION 5.5. Given a formula A of ML(T), we define a formula
A* of LSy in such a way that A* contains exactly one free variable of
sort 1. The definition is by induction as follows:

(=ab)* is =*wa*b*, where w is the first variable of sort 1
not occurring in either a* or b*, and a* and b* are the
results respectively of substituting w for the free variable
of a* and b*, ifany.

(pa,...a,)* is p*wa¥...a¥, where w is the first variable of
sort 1 not occurring in any of a}, ..., a* andfori=1,...,n,
af is the result of substituting w for the free variable of
a¥, ifany.

(TA)*is A

(VAB)* is v A*B*, where if w is the first variable of sort 1
not occurring in A* or B*, then A* (resp., B¥) is the result
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of substituting w for the free variable of sort 1 in A* (resp.
B*).

(IxA)* is Ix[wB*x &A*], where w is the free variable of
sort 1 occurring in A*.

(CA)* is IN*W v Iw[wR*w& A*], where w is the free
variable of sort 1 occurring in A* and w is the first variable
of sort 1 not occurring in A*.

DEFINITION 5.6. Given a modal structure 2 for ML(T), we define
a classical two-sorted structure U* = (W, 1, ... > for LS; (cf. Kreisel and
Krivine, 1967) as follows. Let A =<, K,R,O,N>. Then W =K,
I=U®) =ik |/, O% is O, N¥u is N, and R} is R. For e W and
pel we define

(o, ByeBy iff Belot,|.
If f is an n-ary function symbol of ML(T), ae W, and f,, ..., B,€l, we set
£ (B1s-.s Ba)if By, Bugles]
B; otherwise, where i is minimal with
ﬁiélﬂal’

and if p is an n-ary predicate symbol of ML(T), aeW, and f,, ..., .1,
we define

ﬁ!*(a5ﬂ15""ﬁn)={

pg{‘(aa ﬁls "'aﬂn) lff pd,,,(ﬂls EREX] Bn)

This specifies A*.

An assignment in a structure (W, 1,...> for LSt is a map u defined
on all the variables of LS; such that if w is a variable of sort 1, then u(w)e
W and if x is a variable of sort 2, then u(x)el. Let A be a modal structure
for ML(T), let keK, and let v be as assignment in . Then v¥ is that
assignment in A* defined by: v¥(w) =k if w is a variable of sort 1, and
v¥(x) = v(x) if x is a variable of sort 2.

THEOREM 5.7. Let A be a modal structure for ML(T), let keK, and
let v be an assignment in . Then for any term a of ML(T), we have

a?l,k[v] — (a*)%‘[vf] ,
and for any formula A of ML(T),
AU A[v] iff WEA*[vE].

Proof. We proceed by induction on the lengths of a and A. For terms,
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the basis step is obvious and the induction step follows immediately
from the definition of f§.. For formulas, the result is immediate for atomic
A from the definitions and for A of the form —B, B v C, or 3xB, the
induction is simple, the last case making use of the definition of By
Suppose A is OB so that A* is IN*w v iw[wR*w&B*], where w
is the free variable of sort 1 occurring in B* and w’ is the first variable of
sort 1 not occurring in B*. Suppose that A A[v]. If keK-N, then
regarding k as an element of the domain W of 2U*, we have not — N (k),
and so W*EA*[v¥]. If keN, then for some k'eK with kRK, Uk, B[v].
Then kR¥.k and by induction, W*EB*[v}]. But W*EB*[v¥] iff
A*EB*[v¥(R)], so that A*EWR*wW&B*[vi(?)], and hence
A*E=3Iw [WR*w & B*][v}], as desired. Conversely, suppose that
A*=A*[v¥]. Then either A== N*(w)[v} ] or W¥EIw[wR*w&B* ][ v¥].
In the former case, not — N¥%.(k), so keK — N, and hence A, 0B[v]. In
the latter case, for some k'e W, W*ew R*w & B*[v¥(7)]. Then kR¥.k', so
kRK. Moreover, A*=B*[v¥(¥)], so A*EB*[v}]. Then by induction,
Ak B[v]. It follows that Ak, OB[v], as desired. W

We say that a modal structure U = <{/}, K, ...> has a base of power
k if card (K) = k.

LEMMA 5.8. Let A =<, K, ...> be a modal structure. Then for any
k = card (K), there exists an elementary extension B of A with a base of
power K.

Proof. Let {p,:y <k} be a set of mutually distinct entities, none of
which occur in sk(?). Define B =<{4%,L,S,P,M) as follows. Let
L=Ku {p,:y <k} and set P = O. Define S so that S| K = R, and for
ally < x and keK,

kSp, iff kRO and p, Sk iff ORk, and for é + y, p;Sp, iff ORO.

Define M so that MK = N and M(p,) iff N(O). Finally, for /€L, set
By =, 1f leK and %, =/, if | = p,. We claim that for any keK, assign-
ment vin U, formula A, and y <k,

A=A[v] iff BeA[v],
and
BEA[v] iff BE, A[v].

We proceed by induction on the structure of A. For atomic A this follows
immediately from the definition of B while A of the form —1B, B v C,
or IxB, the induction is simple. Now suppose A is ¢B. If Ak, OB[v],
itis easy to see that B, OB [v]. Suppose on the other hand that B, B[ v].
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If keL-M, then since keK, ke K-N, and so Ak, OB[v]. Suppose that
keM, so that for some leL with kSI, we have BE,B[v]. If IeK, then
kRI and by induction, AE,B[v], so that Ak, oB[v]. If [ is p,, then since
kSl, then kRO. By induction, since BF, B[v], then B B[v], and so
again by induction, AuB[v]. It follows that Ak, OB[v].

Next, PeM— p,eMfor eachy < k. So assume that P¢ M. If B, B[ v],
then for some leL with PSI, BEB[v]. If IeK, then by definition of S,
p,Sland so BF, oB[v]. If | = p,;, 6 < x, we have PSp,, and so we have
ORO. Then p,Sp, and so Bf, ©B[v]. On the other hand, if BF, oB[v],
suppose p,eM, so that PeM, and for some leL with p SI, Bk, 0B[v].
If [eK, then PS/, and so BE,¢B[v]. If | = p;, then ORO, and then PSp;,
so again B, oB[v], as desired. W

A modal structure A =<, K, ...> is said to be universally infinite
if |+, is infinite for each keK.

THEOREM 5.9. Let A be a universally infinite modal structure with an
infinite base such that for each k€K, card ({k’eK: KRk v k' =k}) < c(k).
Let ¢ be a constellation appropriate to b() such that ¢¥ < ¢ and for all
keK, card(ML) < c¢(k), and for all k,k’€K, if k # k" and not —kRKk" and
c(k) > c(k), then || — || is infinite. Then there exists a B such that

(1) id:A-B.
(11) b(A) <b(B) in the sense of classical first-order logic.
(iii) ¢ < ¢® dom(c)&card (dom(c®)) = sup {c(k): keK}.

Proof. Construct the classical first-order structure A* described in
Definition 5.5 and let T be the classical theory in LS; whose nonlogical
axioms consist of all formulas of LS;(2’) which are valid in A’ =
CW* W,i ), cw ier. Where U* = (W, 1, ...> and the w for weW (resp. i for
iel) are individual constants of sort 1 (resp. sort 2) such that wy, = w
(resp. iy =1). For each keK, let {€5:d <c(k)} be a set of mutually
distinct individual constants which do not occur in LS; and are such
that if k# k', d <c(k), and & <c(k), then ¢ is distinct from c. All
the ¢ are to be constants of sort 2. Let T’ be the theory obtained from
T by adding the following axioms:

(5.9) es+ey, for k#k' or k=k' and &+, kKkeK,
o <c(k),6" < c(k'),
(5.10) k'B*é% for k,k'eK kRk’ or k=k’, and &<c(k),

(5.11)  —k’'B*ék, for k,k’eK, not— (kRk’ork+#k’), and
d0<c(k) and c(k)>c(k).
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Let X be a finite subset of the Formulas (5.9)—(5.11). Since 2 is univer-
sally infinite, it is clear that there is a selection of values in U for the e
such that the formulas of the form (5.9) in X are satisfied, and moreover,
that this selection can be made so as to satisfy the formulas in X of the
forms (5.10) and (5.11), given the conditions relating ¢ and U. Con-
sequently, 2 is consistent, and hence so is T". The usual Henkin con-
structions for single-sorted languages (cf. Shoenfield (1967) or Sacks
(1972)) carry over easily to the two-sorted language of T'. Alternatively,
one can first reduce the language of T’ to a single-sorted language (cf.
Wang (1952) or (1970), Chapter XII) and then apply the usual complete-
ness arguments (cf. Mal’cev (1971), Chapter 11, §2.2). By either method,
we can construct a model of T” in which each entity of each sort is named
by a constant (of appropriate sort) in an extension T” of T’ such that the
cardinality of the set of constants of T” is identical with the cardinality
of the set of constants of T".

Let € =(W,1 ...> be the model of T” just described. We construct
a modal structure B = (4%, L,S,P,M) as follows. Let L =W, S =R.g,
P = O.¢, and M= N.¢. For leL =W, let | #,| = {iel: [B.¢i}. If f and p
are n-ary function and predicate constants of ML, respectively, and
by, ..., b,e|%)|, define f4,(b,, ..., b,) = fus(l, by, ..., b,), and pa,(by. ..., b,)
iff puc(l, by, ..., b,). This specifies B. It is easy to see that B* is the re-
striction of € to the language of T in the sense that the interpretations
of the additional constants of T” are dropped. Then for formulas A
of the language of T’ and assignments v in B*, it is easy to see that

BrEA[V] iff CEA[V]

(cf. Shoenfield (1967), p. 43). Now for each keK and ae|e,|, both
k¢ and ag are elements of the appropriate domains of €. Then, if necessary,
we can replace kg by k and ag by g, etc., so that we may regard U* as a
substructure of € and hence also of B*. Then it follows that U is a sub-
structure of B. Now let A be any formula of ML, let k€K, and let v be an
assignment in . Suppose that Wk, A[v]. Then by Theorem 5.6,
A*E=A*[v}]. Let B be the sentence which results from A* by replacing
each free variable v in A* by the constant in the language of T which
names v¥(v). Then B is an axiom of T and so holds in T”. Hence B is
valid in € and hence also in B* by the remarks above. Then clearly
B*=A*[v}] and so again by Theorem 5.6, B, A[v]. Since this holds
in particular for formulas of the form —1A, it follows that W <WB. Simi-
larly, b() < b(B). Part (iii) follows easily from the details of the con-
struction of €. Il



§6. ULTRAPRODUCTS

As in classical model theory, the construction of ultraproducts will
be a very important tool in our development of modal model theory.
Given an arbitrary non-empty index set I and a sequence (;:iel)
of modal structures for the language ML, we define the cartesian product
X;.U; to be the following modal structure {4, L,S,P,M) for ML.
For each i, let U; = (¥, K, R, O\, N'>. Then set L = X, K’ the or-
dinary set-theoretic cartesian product, and for [ ['eL, define ISI’ iff
Viel[l()RT (i)]. Weset P = (O':iel) and let M = {leL: Vie I[N'(/(i))]}.
Finally, for [eL, let

@z = Xield;(i)s

the classical cartesian or direct product of the structures .«/}; (cf. Kopper-
man (1972), p. 75 or Bell and Slomsen (1971), p. 87ff). It is clear that
X; U, is again a modal structure. Moreover, it is easy to verify that
each of the formulas (of LB) N*(O*), CD1-CD14, and Norm is equiva-
lent to a Horn formula. From this and Horn (1951) (cf. Shoenfield, pp.
94-95, problem 7), it follows that if each U, is an S-structure, then X; /U,
is again an S-structure. However, our main concern is not with cartesian
products, but rather with ultraproducts. Given a non-empty set I, a
filter F on I is a non-empty collection of subsets of I which has the
two properties that 4, BeF imply AnBeF and AeF&A<Bcl
implies Be F. The filter F is proper if 3¢ F and F is an ultrafilter if F is a
maximal proper filter. This latter is equivalent to each of the two assertions
that (a), for any 4 < I, either AeF or I — AeF, and (b), for any A, B< I,
if AuBeF, then either AeF or BeF.

DEFINITION 6.1. Given an arbitrary non-empty index set I, a filter
F on I, and a sequence < ;:iel) of modal structures for the language
ML, we define the reduced direct product IT,.,;/F to be a structure
B =(%,L,S,P,M) for ML defined as follows. For each i let U; =
(AL, KL R, O N, The base of B, b(B), is defined to be the classical
reduced product

<La Sa P’ M> =HiEI <Ki’ Ri’ Oi’ Nl> /F

43
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(Cf. Frayne et al. (1962) or Kopperman (1972), p. 75.) Recall that this
means that the elements of K are equivalence classes f/~ where
feX;K and for f, geK’, f~ g iff {iel:f (i) = g(i)}eF. Also we have:

(f/~p)S(g/~p) iff {iel.f()Rg(i)}€F,
0=<(0"iel/~F,
fl~reM iff {iel:f(i)eN'}eF.

Now we must define 4, for [eL. Let | =f/ ~ r and set
Bi= U{ Xl H|:g~rf}

Then for he By, h/ ~ p = {WeB,: {ieI: k(i) = h(i)} € F}, and we define
B = {h/ ~r:he X UQ)&3heB[h~ h]}.

If p and f are n-ary predicate and function symbols of ML, respectively,
we define

Pa(hi/~p, .../ ~p Aff {i€lipy, (h (), ..., h,()}€F,

fg,(hi/~Fs .. sh/ ~F) = <f.af(i,(h1 @), ... ha(D)):i€ly/~p,

where in the latter expression, if not all of h,(j),..., h,(i) belong to
||, then £, (hy (i), ..., h,(i)) is to be an arbitrary element of |/, |.
These interpretations are shown to be well-defined by arguments similar
to those in the classical case. Note that one must not only show that
these definitions are not only independent of the choice of representatives
h; of the classes h;/ ~, but also of the choice of representative f of the
class | =f/~p.

This definition of ultraproduct is somewhat more complicated than
a related definition given by Gabbay (1972b) for intuitionistic structures.
This additional complication is necessary to guarantee that ‘domains
increase’ in the ultraproduct and that the structures %, are well-defined
(cf. Bowen, 1973). We verify this now. Suppose that (f/~ p)S(g/~ ),
l=f/~f, and h/ ~;€|%|. Then he X, ,U(Y;) and for some he B,
h ~gh. Consequently, for some f~pf, he X | byl Let Z, =
{iel: f())Rg(i)}; then ZyeF. Let Z, = {iel: f(i) = f(i)} so that Z,eF.
Define g by:

3(i) = gl) if ieZynZ,,
" f(i) otherwise.
Let ze|o/h,|. i€ Zo N Z,, then f (i) = § (i) and ze|o/},|. i€ Zy N Z,

and
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then_f(i)=f(i) ‘g (i) = g (i) so ze |/, |. Thus for all i,

(l)| ‘ (Ll()|

and so
_ o
he X }o/5).

But {iel:g()=g()} 2Z,NZ,eF, so g~rg and so heB, where
I' =g/~ 5. Hence h/ ~ re| #, | and so | 4| < | 4, |.

To see the necessity for this more complicated definition of 4,, suppose
that | =f/~p=g/~p, that f(io) # g (i), and that age|a/'%; || — |7l |
Let he X |o/},| be such that h(i) = ao. Then h¢ X;;|/},| and so if
we were to define %, by B, =Iliet.o/',;,/F. %, would not be well-defined
with respect to /.

If for all iel, A; = A, we write AL for the reduced product. As usual,
if F is an ultrafilter, we call IT,_,2;/F an ultraproduct and AL an ultra-
power. For any filter F, we define the canonical embedding g of U into
AL as follows. Let A =/, K,R, O, N)>. Then for keK, set g(k)=
Ck:iely/~p and for aele/,|, let g(a) = hy(a), where h, is the classical
canonical embedding hy: o7, — (.o/,)k, noting that X, |-«/| < B, where
[ = g(k). It is easy to verify that g is a monomorphism.

If v is an assignment in X; 2, then for each variable x, there is an
feX; K’ such that v(x) belongs to the universe of the structure corre-
sponding to f; we define ¥ by setting ¥(x) =f. Then we define v/F by
v/F)(x) = v(x)/~Fel,%|, where | = ¥(x)/ ~r and %, is as in Definition
2.1. Then v/F is an assignment in [1;;.«;/F and every assignment in
I, <;/F can be obtained in this manner. Finally, we define v|i by

(v] x) = v(x)().

LEMMA 6.2. Let I be a set of sentences of LB, let I be a non-empty
index set, let F be an ultrafilter on I, and let {U;:iel) be a sequence of
modal structures for the language ML such that {iel: ;eSt(ML, I')}eF.
Then I1,_,;/F belongs to St(ML, I').

Proof. Let C = {iel: W;eSt(ML, I')} and let B = IT;,,A;/F. Let AeT.
By Lo§’s Theorem (cf. Bell and Slomsen (1971), p. 90 or Kopperman
(1972), p. 77) b(B)EA iff D = {eI:b(W;)FA}eF. Now ieC implies that
b(A,)EA, so that C = D. Since CeF, then DeF, and so b(B)EA. Since
AeT was arbitrary, it follows that BeSt(ML, I'). B

COROLLARY 6.3. If S is one of the modal systems explicitly considered
in§ 2, the ultraproduct of S-structures is again an S-structure.
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Note that the property of being a weak tree can be expressed by the
formula
Ywwiw, s w,R*w&w,R*w - w R*w, v w,R*w,.

Thus the ultraproduct of weak trees is again a weak tree.
The following theorem extends £0§’s Theorem to the present context.

THEOREM 6.4.* Let F be an ultrafilter on the non-empty index set I
and let {U;:iel) be a sequence of modal structures for ML. Let A be a
formula of ML and let v be an assignment in X, ;. Then for each
fEXieIKi5 ifl =f/ ~F>

0, %/FEA[V/F] iff {iel: Wk ,A[v|i]}eF.

Proof. The proof, as in the classical case, is by induction on the structure
of A (cf. Bell and Slomsen, 1971). We will consider only the case where
A is OB. Let II,,U;/F=<%,L,S,P,M)=% and let C={iel:
Wik, OB[v|i]}. Note that [eM iff D={iel:l())eN'}eF, and that
D = C. Suppose BE,0B[v/F]. If IeM, then as we just noted, CeF as
desired. If ¢ M, there is an I’ =f’/~ such that IS’ and B, B[v/F].
Let E= {iel: f()Rf’(i)}, so that EeF. By induction, if G = {iel:
Ak, oB[v|i]}, then GeF. Thus EnGeF. But clearlyy, EnG<C,
so CeF. For the converse, assume that CeF. Now C=DuC—-D,
and since F is an ultrafilter, it follows that either DeF or C — DeF. As
noted above, if DeF, then /leM and so BE,9B[v/F]. Suppose C — DeF,
and let ieC — D. Then I(i)¢ N' and so there is a k;eK' such that f ()R'k;
and W=, B[v|i]. Define f* on I by:

> k; if ieC—-D
ro=1 .
f () otherwise.
Then if E is as above, C - D < E, so EcF, and hence if I'=f'/~f then
ISI'. Let H={iel: Wk, yB[v|i]}. Then C—D<H so that HeF
and hence by induction, Bk, B[v/F]. It now follows that B, oB[v/F].l

THEOREM 6.5. The canonical embedding g: A — AL is an elementary
embedding whenever F is an ultrafilter.
Proof. Write g*(z) = <z:iel) so that g(z) = g*(z)/ ~r. Then for any

* Note that all truth-valuations on atomic sentences over I1;.,U;/F satisfy the hypothesis
of Proposition 4 of the Goldblatt (1975), so that the conflict between §3 of that paper
and the present work is only apparent.
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k, A, and v we have
U, wAlgev] iff {iel: UrppuAL(g* o v|i]}eF
iff {iel: U A[v]}eF
iff A, A[v]. B

DEFINITION 6.6. Let 2 be a modal structure for ML. A formula bundle
over W is a finite function h such that:

(1) Oedom(h) =K.

(2) for each kedom(h), h(k) is an ordered pair <h,(k),h,(k)> such
that h, (k) is a finite subset of |.2/,| and h,(k) is a finite set of closed for-
mulas the form

Ax1 ..... x"[al""adn]a

where A is a formula of ML, a,...,a,eh,(k), and tor i=1,...,n,
a; is the canonical name for g; in L (.«,) in the sense of Shoenfield (1967),
p. 18, and if v(x;)=a; for i=1,...,n, then UK, A[v], and for each ae
hy (k), @ occurs in h, (k).

For any finite set of formulas Z, let A Z be the conjunction of the formu-
lasin Z.

DEFINITION 6.7. Let k be a formula bundle over the modal structure
A for ML. We define a series of formulas as follows: ¥, , is Ah,(k) and
¥, , is obtained by replacing the canonical names a appearing in ¥,
by variables not occurring in ¥, ,, distinct names being replaced by
distinct variables. Then 6, , is the existential closure of ¥ ;. If keK-N,
then 6, , is 6, , A 03x[x # x]. Otherwise, 6, , is

O A OVX[x =x] A 05,
where 05 is
A {00, i : K edom(h) & kRK'}
A A{000, - K edom(h)& kR?k'}
A A {00, - K edom(h) & kR°K'},

where s < card(dom(h)) and kRk’ means there are k,, ..., k,_; €K such
that

kRk, & k Rk, & ---&kRk;, & --- &k,_RK .
Finally, 6, is 0, o and 6fis Ah,(0) A ¢3x[x #x] if OcK-N and
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otherwise, 85 is
Ahy(0) A OVx[x =x] A 05 .

If I' is a collection of formulas of ML and h is a formula bundle over
A, we say that h is a I'-formula bundle over W if for each kedom (h) and
each formula A,, [a, ...]inh,(k), the formula A belongs to I'. A formula
is basic if it is atomic or the negation of an atomic formula, and we say
that his basic if h is a I'-formula bundle where I' is the set of basic formulas
of ML.

DEFINITION 6.8. If I is a set of formulas of ML and if  is a modal
structure for ML,

MD" () = {6} : h is a I'-formula bundle over A}, and
MD? () = {6, : h is a I-formula bundle over }.

If I' is the set of all basic formulas of ML, we write MD(2[) for MD ()
and call this set the modal diagram of 2.

If h is a formula bundle over A and kedom(k) it is easy to see that
QI|=k6”,, - From this it follows that AEA¥, and hence A is a model of
MD* () and MD” () for any I".

DEFINITION 6.9. Let & and B be modal structures for ML and let I’
be a set of formulas of ML. A protomorphism m from 2 to B is a I'-
morphism (written m : A -5 B) if for all AeT, all keK, and all assignments
vin A, AKA [v] implies B, A [me v].

Let m: AL W, It is easy to check that m is a monomorphism iff
I includes all basic formulas of ML, and that m is an elementary em-
bedding iff I' consists of all formulas of ML.

A set I of formulas is regular if it includes all formulas of the forms
x =yand x =y, and contains A, [¥;...¥.] Whenever it contains A.

If B ={#,L,S,P,M) is a modal structure for ML, (B, b5, =

={(%,,L,S,P, M) is that modal structure for ML’, where ML’

obtained by expandmg each %, to a classical structure B, for L’ w1th
the rule by, = b; i€, B i (B, blpeja, (cf. Sacks, 1972).

DEFINITION 6.10. Let A = (., K,R, O, N> and B = (%4, L,S,P,M}
be modal structures for ML. A bundle from U to B is a pair { f,g) of
finite functions such that
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(1) Oedom(f) < K, f(O)=P, if k.k edom(f) and kRK, then
fk)RS(K), and for kedom(f), ke N iff f(k)eM

(2) dom(g) = dom(f) and for each k € dom(g), g(k) is a finite function
from a subset of |.o/,| to |# | such that if a, @ edom(g(k)) and a = ,&@
then g(k)(a) = ;ug(k)(d).

The next theorem appears to be the only workable replacement for the
classical Diagram Lemma in the present setting.

THEOREM 6.11. Let A =<, K,R,O, N> with OeN and B =
{4%,L,S,P,M)> be modal structures for ML such that U is a weak tree
and |/, =|%,|. If B is a model of MDF () where I is a regular set
of formulas, then there exist a set I, an ultrafilter F on I, and a I'-morphism
m: AL BL

Proof. Let I be the set of all bundles from %A to B. For any I'-formula
bundle i over U, define J, < I to consist of all { f,g) such that

(@) dom(h) < dom(f) = dom(g);
(i1) k,k'edom(h) implies h,(k) < dom(g(k)) and kRk" implies
SR)SfK);

(iii) if kedom(h) and A, , [y, ..., a,]€h,(k), then BE ;A [u]
where u(x;) =g(k) (a)fori=1,....n

Jirst we claim that for any I'-formula bundle h,J, # 0. Since 6,
MDF(QI) then B, 6,. Since OeN, then 0, is

Hh,o A DVX[X =X] A 0h.05

so BF,[IVx[x =x] and so PeM. Then since BF,0} o for each s <
card(dom(h)) and each kedom(h) with OR%k, we have Bf,0°0, . Since
P e M, there must be an [ e L such that BE,0,,. Since U is a weak tree,
[ can be chosen so that (ii) is satisfied. Thus define f on dom(h) so that
f(k) is such an [. Suppose 6, , is Hxl . X, ¥4 Thus there must be
an assignment g in B such that u(x;)e|#,q| for i=1,...,a and
BEPhiln]. Then for each a whose name 4 occurs in a formula
of h,(k), define g(k)(a) = u(x;) where x; is the variable which replaced a
in the construction of ¥, from ¥,,. It follows immediately that
<fﬂ g> eJh'
For keK and WeS,(|-«/,]), set

Jow=1{{fg>el kedom(f)& W< dom(g(k))}.
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Then set
N={J,:h is a I'formula bundle over A}y
{Jew: keK&WeS,(||)}.

We claim that N has the finite intersection property. Let h', ..., h" be
I-formula bundles over W, let ky,...,k,cK and let WeS,(|.«/,,])
fori=1,...,m. Set

dom(h) = O dom(h)u{ky, ..., ky}-
i=1

For kedom (h), let Vj = U, *hi (k) where *hj (k) consists of all ae|.s/,|
such that @ occurs in some formula of hj(k). Then define

h1(k) = {

Let Y, = | Ji-1 H5(k), and define

Yow{a=a:aeW,} if k=k,s=1,....m
Y, otherwise.

VioW, if k=k, forsome s=1,...,m
V, otherwise.

hy (k) = {
Then h is a I'-formula bundle over 2 and we have
0+ (VI () I W
i=1 j=1

Thus N has the finite intersection property and so can be extended to an
ultrafilter F on I. Define m: K —L! by

ky if k
m (<o) = {0 X kedom(

P otherwise.
Note that for all { f,g>el, m(O)({ f,g)>) = P. Now define m: K —L} by
m(k) = m(k)/F. Let b# be a fixed (arbitrarily chosen) element of |%p|.
Next for keK, define
m:‘dkl — U {XieIL%q(i)‘ . qELI&qem(k)/F}
by
_ gk)(@) if kedom(g)&aedom(g(k))
m(a)({f.9>)= :
b# otherwise,
and define m on || by m(a) = m(a)/F.
Now suppose that a,d €|, | with a#,a". Let h be any I'-formula
bundle with kedom(h), a, ' eh, (k), and a # a’eh, (k). Let
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Z={{f.g>el:kedom(f)&a,a edom(g(k))
&BE ;4o x # y[g(k) (@), g (k) (@)]} .

Then J, € Z so that ZeF. Since, if | = m(k) (i),
Z c {iel:m(a) (i) #£m(a@) ()},

it follows that m(a) # ,4ym(a’). Clearly m(O) = P/F. Next suppose that
kREK’, and let

Y={<{fig>el:k kedom(f)}.
From the argument that N has the finite intersection property, it is clear
that for some h, J, < Yso that YeF. But

Yc {iel :m(k) (i))Sm (k") (i)},

and hence m(k)(S/F)m(k’). That keK-N iff m(k)eKE — N is argued
similarly. Now let f be an n-ary function symbol of ML and let a,, ..., a,e
|,<z¢k|. Let c =1, (a,,...,a,) and let h be a I'-formula bundle such that
kedom(h), a,,...,a,, cehy(k), and ¢=fa,...a,eh,(k). Suppose { f,g>e
Jy. Then m(c)((f g))— (k)(c). But

%t:f(k)yzfxl e X [g ) (c), g (k) (ay), ---,g(k)(an)],
and it follows that

g (k) () = £z, (9 (k) (a1), ..., g (k) ()
= £ (M(a:) (£, 9D), ..., m(a,) (C £, 97)),

where | = m(k) ({ f, g>). It follows that

Jne {{figyel:m()({f,9))
= £, (@) (L 9D), .. (a,) (K f90))}

and so m(fy, (a1, ..., 3,)) = nwfa,.., (M(@1), ..., m(a,)). By a similar argu-
ment,

pdk(al LIRS ] an)Hpﬂm(k)(m(al)’ sy m(an))

for any predicate symbol p. More generally, let Ael” have x,,....X,
as free variables, let keK,and let ay, ..., a,€|«/,|.

Let h be a I'formula bundle such that kedom(h), a,,...,a,eh, (k),
and A[a,, ...,a,]eh,(k), assuming A A fay, ..., q,]. Then

0+J,c{{fg> kedom(f)&a,,...,a,edom(g(k))
&BE ;A [g(k) (@), ..., g (k) (an)]},
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and it follows by Theorem 6.4 that
BiEnwAlm(ay), ..., m(a,)].

Thus mis a I'-embedding of A in BL. W

We apparently cannot guarantee that the I'-morphism m: A — B
is strong; i.e., 1 — 1 on the set K of worlds of U (cf. Bowen, 1975, pp. 115—
116). However, we will see that we can achieve this if we replace B by a
closely related structure.

DEFINITION 6.12. Let B =<{%,,L,.S,P,M)>and D =<(2,,Z, U,X, Y)
be S-structures. We say that D is a trivial expansion of B provided the
following hold:

(19 LcZ, UL? =S, P=X;
(29) forall zeZ —L, thereisan IeL such that:
@) 2.=%;
(b) zUz iff ISI;
(c) forall I'eL, Ul iff IS, and ['Uz iff I'SI;
(d) zeY iff leM;
(3°) if z,ZeZ ~L correspondto I, I’ respectively as in
(2°), then zUz iff ISI’.

We will say that z is a copy of | above if z and [ satisfy condition (2°)
above, and we will write cpy(l) for the set of copies of I. We will say that
D is a k-trivial expansion of B if for each IeL, card(cpp(l)) = x. It is
obvious that the identity map is an elementary embedding of B in D.
Also, k-trivial expansions of B clearly exist for any x.

THEOREM 6.13. Let U, B, and I" be as in Theorem 6.11. Then there
exist a set I, an ultrafilter F on I, a trivial expansion D of B, and a strong
(faithful) '-morphismm: A — Df(m: A - E(B)L).

Proof. Let D be a Ny-trivial expansion of B. Let I be the set of all
bundles from U to D, and define J, as in the proof of Theorem 6.11 except
that B is replaced by D and the map f is required to be 1 — 1. It is clear
that in the argument that J, # @ we can easily construct an f which is
1 — 1since dom(f) is finite and each /€L has N, copies in D. Now proceed
as in the proof of Theorem 6.11. To see that the m constructed is strong,
suppose that k,k'eK and k = k'. Then m(k) #+m(k’) iff {iel:m(k)(@)+
m(k)(i)}eF. Let Z={<{f,g>el:k,k’edom(f)}. From the argument
that N has the finite intersection property, we see that ZeF. But if i =
{f,g>€Z, then
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m(k) (i) = f (k) # f (K') = m(K) (i),

and so {iel:m(k)(i)# m(k')(i)}eF. Thus m is 1 — 1. To see that m can
be made faithful when E(B) =D, define J, as above, but require f to
be faithful instead of 1 — 1. W

Now we apply ultrapowers to obtain new proofs of the Upward
Léwenheim-Skolem—Tarski Theorem. A map m: A —~B is said to be
exact if m{ b(2) is an isomorphism of b(A) on b(B) in the usual classical
sense. An S-structure U has a finite base if b() is a finite structure;
moreover, U is said to be universally infinite if for each keK, |4 is
infinite.

THEOREM 6.14. (Upward Lowenheim—Skolem—Tarski, I). Let U =
(s, K, R, O, N> be a universally infinite S-modal structure for ML such
that () is finite. Let ¢ be a cardinal constellation with domain K such
that ¢¥ <c and c¢ is appropriate for . Then there exists an S-modal
structure B and an exact map m: A — B such that m is an elementary
embedding and ¢® = c.

Proof. Let y=sup{c(k):keK}". We may assume that y =N, since
otherwise the theorem is trivial. Let I be an index set of power y and let
F be a regular ultrafilter on I (cf. Bell and Slomsen (1971), p. 114). Let
€ = UL. Then h(€) = h(A)L and since b(A) was finite, it follows that
b(®) is isomorphic to b() (cf. Bell and Slomsen (1971), p. 126). So write
C=(¢,K.RON), 6 =(Cp»=,,...>. Let d,eK! be the constant
function d,(i) = k for all iel. Then by construction of our ultraproduct,
it follows that card(|#,|}) <card(C,). But since F is regular and
card| o7, | = (k) = N,, it follows that card(|=Z,|F) = (c¥(k))" (cf. Bell
and Slomsen (1971), p. 132). And since y is a regular cardinal, it follows
by the Corollary to Konig's Theorem (Jech (1971), p. 17) that (c¥(k))’ > y.
Now let F be a function with domain K such that for each k, m”|.«/,|
F(k) = C, and card (F (k)) = c(k), where m is the canonical embedding of
A in Ak. Then it is clear that ¢ < c¥ ¢ is appropriate for b(€) = b(),
and for each keK, max{card(F(k)), card(ML)} = c(k) and card{k'eK:
k'Rk} < c(k), the latter since K is finite and c(k) = N,. Then by Theorem
5.1 there exists an S-modal structure B ={(%4,K, R,O,N), %, =
{|B|,=r, ... >, such that ¢®=c, for each keK, m"A, = F(k) S| %],
and id: B 5 €, where id is the identity map. Let v be an assignment in
A, let A be a formula of ML, and let keK. Then

AA[v] iff CHA[mev],
iff BEA|mov].
Thus m : A 5 B, as desired. W
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THEOREM 6.15. (Upward Lowenheim—Skolem-Tarski, II). Let U =
{H,K R O/N) be a universally infinite S-modal structure for ML
(no restriction on b(A)). Let ¢ be a cardinal constellation with domain K
such that ¢¥ < ¢, cis appropriate for 2, and for each ke K, card R’k < c(k).
Then there exists an S-modal structure B for ML and a monomorphism
m:A— B such that m is elementary and one-one on K and for keK,
cB(m(k)) = c(k).

Proof. Let y=sup{c(k):keK}*. Then y=N,. Let I be an index
set of power y and let F be a regular ultrafilter on I. Let € = AL =
(¢.,M,T,Q,X>. For keK, let d,:I->K be the constant function
d,()=k, and let k*=d,/F. By construction of the ultraproduct,
card (|7, Iy<card(|%|). Then as in the proof of Theorem 6.14, it
follows that y < card(|%.|). Let m be the canonical embedding of A
in € (note that m(k) = k*). Let J =m"K and let H be a function with
domain J such that m’|2/,|= H(k*). Define ¢ on J by c(k*)=c(k).
Suppose k*, I*eJ and k*MI*. Then kR! and so there are ky, ..., k,eK
suchthatk =k,,l=k,andfori=1,...,p— 1, k;Rk;,,. But then c(k;) <
clk;y) fori=1,...,p—1, and it follows by the transitivity of < that
c(k) < c(l) and so c(k*) <c(I*). Then the hypotheses of Theorem 5.2
are met and so there is an S-modal structure B =<{%,L,S,P,M)
as described there. From the definition of J and H, it is clear that mis a
monomorphism of A into B and from Theorem 5.2, we get c®(m(k)) =
c(k) for keK. Finally, let k€K, let v be an assignment in 2, and let A
be a formula of ML. Then by conclusion (4°) of Theorem 4.7, we have:

QI r:kA [V] lff (g t:m(k)A [mo V]
T BEA[mov].

Hence

m:ASB. A



§7. ULTRAFILTER PAIRS AND
ELEMENTARY EMBEDDINGS

An ultrafilter pair {I, F ) consists of a non-empty set I' and an ultrafilter
F on I. The next two theorems extend results of Frayne et al. (1962).

THEOREM 7.1. Let A and B be modal structures for ML. Then A =B
iff there exists an ultrafilter pair {I, F> such that A is elementarily
embeddable in B

Proof. Sufficiency is obvious. For necessity, let I consist of all formulas
of ML, and note now that a I'-embedding is an elementary embed-
ding. Since A = B, then (B, b)4, is a model of MD? () and the
result follows by Theorem 6.11. W

THEOREM 7.2. Let A and B be modal structures such that  is a weak
tree. A (strong) faithful monomorphism m from B to U is an elementary
embedding iff there exist an ultrafilter pair {(I,F) and a (strong) ele-
mentary faithful embedding p of A in BL such that Figure 2 is weakly
commutative, where ¢ is the canonical embedding of B in BL, in the
sense that if [eL, then g(/) =(pem)(/). and if be|4)], then
g(b) = 44, (p °m) (b); we write g = p °m to indicate this:

b} g »pL

i |
Fig. 2.

Proof. Sufficiency is obvious. For necessity, assume that m: 8 —
is elementary. We say that a bundle { f, g> from 2 to B is an m-bundle
if for each keK, if kerng(m), then f (k)em™ ' (k), and if kedom ( f) N rng(m)
and ae|</,| ndom(g) N rng(m), then g({ad)em™ ' (a). Let I be the set of all
strictly finite m-bundles over U to B. Similarly, a formula bundle h
over ¥ i1s an m-formula bundle over N if dom(h) < rng(m) and for each

55
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kedom (h), if h(k) = {h,(k), h,(k)), then h, (k) < |Z,] " rng(m). Then de-
fine J, = I just as J, =1 was defined in the proof of Theorem 6.11.
Given an m-formula bundle h, to see that J, @, proceed as follows.
f will be a finite function with domain dom () such that if kedom(f)
rng(m), f(k)em~1(k). Now let kedom(f)— rng(m). Let 6, , be as con-
structed in the proof of Theorem 6.1. Then Wk, 00, ,; since B =,
then BEp 00, ,, so for some leL, BE0,,; let f(k)=1 Now 0,, is
3Xo ... 3%, ¥}, and so there must be by, ..., b;e|4| such that if u(x;) = b;
for i=1,...,q, then BE,¥; [u]. Then let g(k) be the function with
dom(g(k)) = rng(h,(k)) and g(k) (a;) = b; if a; was replaced by x; in con-
structing ¥}, ;. Now if kedom(f) nrng(m), let f (k)em™ (k). Let h, (k) =
{ag,...,a,}. Let a;, ..., a;, be the elements of {a,,...,a,} nrng(m) and
let a;,, ..., a;, be the elements of {a,, ..., a,} — rng(m). Then

) CHE: SRS A% D I S
and since m is elementary and m(f (k)) = k,

BE 4y (3x;, - I Y5 k) koo, [(B 1)~ (@), -
(m Bya) ~* (a,,)]

So let g(k)(a;) = (m'|B ;)" * (@;) for a=1, ..., s, and let by, ..., b be
such that

%':f(k)(lp;n,k)xh, e XX ea X, [g(k)(ail)a s g(k) (a,), by, ..., bt]'

Then let g(k)(a;,) = bg for B =1, ...,¢. It is now simple to compute that

fr 9> €y
Define J; and J, ; as in the proof of Theorem 6.1 and let

N = {J,: his an m-formula bundle over A} U {J;: ke K} U
{Ji.s: keK&ae|,}.

That N has the finite intersection property can be seen from the following
example. Let h,, h, be m-formula bundles over 2, keK and a;,...,a,e|o/,].
Define h as follows:

dom(h) = dom(h,) udom(h,) U {k}.

For kedom(h), kK #k, let h,(k') first enumerate rng(hi (k')) and then
rng(h?(K)) — rng(hi (K')). Let hy(K') = hi (k') h%(K') where if necessary,
some free variables in underlying formulas in h3(k’) are altered
to give the right substitution. Let h,(k)= {a,,...,a,} and h,(k)=
{a, =a,,...,a,=a,}. It is easy to see that D+ J, = J,, nJ,,nJ,nJ} 5
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So N can be extended to an ultrafilter F. Then p and p are defined just as
m and m in the proof of Theorem 6.11, and the calculation that p is an
elementary monomorphism is as given there. Let g: B — BL be the
canonical embedding.

We must show pem ~ g. Let [eL. Then g(I)={l:ieI)/F and

(pem) () = p(m(l))/F. So g(I) = (p°m) (!) iff
C={fipel:pm)(f,g>)=1}€F.
If =P, C=1eF. Suppose [ # P. Then

pm)(fig>)=1 iff m()edom(f)&f(m(]))=1
iff m(l)edom(f).

Thus C=J,;€F. Now let be|%, so that g(b)=<b:iel)/F and
(p°m)(b) = p(m(b)). Again, g(b) = (p°m)(b) iff
D={<{f,g>el:p(m(b))({f,g)) =b}eF.

If b is the fixed element used in the definition of p, then D = IeF. And if
b is not this fixed element, then as above, D = J,g) s €F. Thus
grpem. B

We say that a class K = St(ML, I') is an elementary class if there is a
sentence A of ML such that K consists of all elements of St(ML, I') in
which A is valid; as in the classical case, we write K € EC in this situation.
We say that K is an elementary class in the wider sense (K e ECy) if there
is a theory T formulated in ML such that K consists of all elements of
St(ML, I') which are models of T. The proofs of the following two
theorems are virtually identical with those for the corresponding classical
results as given in Bell and Slomsen (1969), pp. 151-152; we omit the
details.

THEOREM 7.3. KeEC, iff K is closed under ultraproducts and ele-
mentary equivalence.

THEOREM 7.4. KeEC iff both K and St(ML, I') — K are closed under
ultraproducts and K is closed under elementary equivalence.



§8. DIRECT LIMITS

Except for §15, we will only have need to construct direct limits of systems
indexed by the natural numbers. Moreover, due to our use of equivalence
relations =, to interpret equality in individual worlds, it is not clear
how to extend our definition to more general direct systems. The proposed
definition in Bowen (1975) fails to account for the presence of =, in
some applications below; however, whenever the direct system always
satisfies m; = m;;om;, that definition works (and will be used in §15).
DEFINITION 8.1. A direct system {;, m;} (for ML) consists of the
following:

(a) for each i, a structure U; = (%, K\, R’, O}, N) for ML;

(b) for all i <j, a monomorphism m;;: ; —» A; such that for all i, m;
is the identity map and if i<j=<{, then we almost have m;, & m;;om;
1n the sense that if keK’, then m; (k) = (m;;om;.) (k), and if ael&/k[’ and

m (k), then

my (@) = (mg;om;) (a).

DEFINITION 8.2. Given a direct system {2, m;;} for ML, we define
the direct limit lim 2, or A, = (., K*,R*, 0%, N*) as follows. For
each i, let [i,00) = {j:i<j}, and let Z = {[i, c0): i = 0}. Let
Z* ={f:visdom(f) =[i,0)& Aj=inf(j)eK' &
fG+D)= mj,j+1(f(j))}'
Given feZ* let 6f be such that dom(f)=[df, «0). Given f,geZ*,
define f ~ g iff for some i = max(df, 6g), f(j)=g(j) for all j =i It is
easy to see that f ~ g is an equivalence relation on Z*. Let [ f] be the
equivalence class of f under ~ and let K® = {[ f]: feZ*}. Let O° =
[4;s O'] and define R® by

[fIR®[g] iff viajzi[f()R'g(j)].
Clearly, R* is defined independently of the choice of representatives.
Similarly, let

Ne([f]) iff Az 8fN(S().
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Next let Z* = {<{f, g>: feZ* &dom(g) = dom(f)
&Viz5f wgl)e|lo iy &gli+ 1) =m; i41(g()).
Given { f,g>,{f",g' >eZ*, define
Lo ~{Shgy Ml f~f&vinjzilgl)=g3)].

Again, this is an equivalence relation; let [ f, g] be the equivalence class
of {f,g>eZ*. Given | f]eK™,set

ltgh| = {[S"g]: S~ f &L S g>EZ*)
Given [f{,g1], .-, [f-g. )€}/ | and p, f in ML, define
pf.;j([fllagl]v Tt [fn/’gn]) lff Vi /\j - ipif(i)(gl(i)’ ’gn(i))’

and

(S 91)s . [ gu]) = [hg]

where oh is the least i such that for all j=1i, f(j)= f1(j)= - = fu(})
and h= [ [oh, ), and for j= 5k, g(j)=fi;(g1()), .. gx(j)). Both of
these definitions are independent of choice of representative. Similarly,

if [f,9],[f" g )€l define
[f gl =mlf"g] f Vviajzieg()=,4g0)
This specifies A ,. Finally define m; from A; to A, by: for zesk(A,),

m; (2)=[f] where of =i, fi)y =z, andfor]> i f(])- -1, (f(=1)).
Then it is easy to verify that m; is a monomorphism, that for i<j,if

keK’, then m;_ (k) = m; (my;(k)) and if aeli], then m;_(a) =,m; (m;{a)),
where [ = m; (k) We w111 write m;  x m; °m;; to indicate this state of
affairs (cf. Bell and Slomsen (1971), pp. 165 167) Our direct limit also
has the usual universal mapping property as follows: we omit the details
of the proof (cf. Proposition 10.2 of Sacks (1972)).

THEOREM 8.3. Let {2, m;;} be a direct system of modal structures
for ML and let B be a modal structure for ML such that there are
monomorphisms p; from U; to B which satisfy p;em;; ~ p; when i <.
Then there exists a monomorphism g from A, to B such that gom; = p;
for each i.

LEMMA 84. Let S be one of the modal systems specified in §2 and let
{W;, m;} be a direct system of S-structures. Then lim U; is again an
S-structure.



60 SECTION 8

Proof. It is easy to see that in the sense of classical first-order model
theory, b(U,)~1lim(b(A)). Now each of the sentences CD1-CD14
and Norm is equivalent to a V3-sentence of LB. But it is known (cf.
Chang (1959) or Los and Susko (1957)) that such sentences are preserved
by direct limits. The result now follows. Wl

THEOREM 8.5. Let {A;, m;;} be a direct system of modal structures
such that m;; is an elementary embedding. Then each m;  is an elementary
embedding of U; in A,.

Proof . We must show that

Wk A[v] iff A FA[m; ov],

where | =m;_(k), A is any formula of ML, v is any assignment in U,
and keK'. The proof proceeds by induction on the structure of A. We
will only consider the case in which A is ©B. Suppose that =, ©B[v].
If keK' — N, then by the definition of monomorphisms, m;;(k)eK’ — N/
for all j with i <j, and so m;_(k)eK® — N®. Thus we may assume that
keN'. Then for some k'eK' with kR'k’, we have ;. B[v]. But then
using induction, m; (k) R*m; (k') and U k. B[m;_°v], where I'=
m; (K'), and so U, FA[m;_ov]. Now suppose that U F,OB[m;_ °v].
If leK® — N®, then for no j with i <j do we have m;;(k)e N’; in par-
ticular then, k = m;;(k)eK'— N'. Thus we may assume that /e N® so
that for some j with i < j, m;;(k)e N/. But since m;; is a monomorphism,
this implies that ke N©. Now we must have U F/B[m;_°v] for some /'
with [R®!’. Then for some j with i < j there is a k' K with m;_(K)=1".
Since IR*!, there must be an e with i <e and j <e such that m, (k)R®m ,(k’).
Moreover, since m,_(m;,(k')) =" and m; v = (m, °m;)ev it follows by
induction that
Wk Bmyov],

where k" = m;,(K'), and so U ©B[m,,°v], where I = m(k). But m,,
is an elementary embedding of U; in A, so it follows that Uk, OB[v],
as desired.

DEFINITION 8.6. Let {U;, m;;} and {B,, p;;} be direct systems of modal
structures for ML, and for each i, let g; be a monomorphism of ; into
B, such that for i <j, g;om;; ~ p;;°q;. We define the map q,, = limg;
from A, to B, as follows. If [ f]eK™>, then q([f]) = [4i» ¢:(S()].
and if [fgle|o/R|, then q.([f".g])=[4in(q(f (1)), 4in (alg®))].
That these specifications are independent of the choice of representatives
is an easy computation. Moreover, g,,°m; = p;_ °q; for all i.
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If for each n, <{I,, F,> is an ultrafilter pair, then the sequence
K, F,>:n < w) is an ultrafilter sequence.

DEFINITION 8.7. Let U=(l,,F,>:n<w) be a fixed ultrafilter se-
quence and let A be a modal structure for ML. We define the uitralimit
of W with respect to U, AL, as follows. We first define a sequence
{U,:n<w) of modal structures for ML by induction: U, =AU and
A, ., = (A Then let d,, be the identity map of U, and let d,, ,,, be
the canonical embedding of U, in A, ,,. For n+ 1 <m, define d,, by

dnmzdm— 1,m°dm—2,m—1o "'odn.n+l-
Then {W,, d,,} is a direct system, and we set
AY =1lim A,.

By Theorems 6.5 and 8.5, U is elementarily embeddable in AY and so
A =AY. By Corollary 6.3 and Lemma 84, if S is one of the modal
systems specified in §2 and U is an S-structure, then AY is also an
S-structure. The next theorem extends a result of Kochen (1962).

THEOREM 8.8. Let A and B be modal structures for ML. Then A =B
iff there exist ultralimits AY and WY together with an onto map
m: AY = VY

Proof. Sufficiency follows from the remarks above. For necessity,
we adapt the proof of the classical version (cf. Bell and Slomsen (1971),
p. 168). Let A, =W and B, = B. By Theorem 7.1 there exist an ultra-
filter pair (1o, Fo) and a map hy: By 2= (Ug)ie, = A,. Then by iterated

w=

Ui _(QI");I:"_ €1,2 B = (%i)éi
i i

ws
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use of Theorem 7.2 we can erect an infinitely proceeding weakly com-
mutative diagram (see Figure 3).

Then m=limp; is the required map of AY onto B, where U =
KI1,Gy:n<w) and V=J,,G,>:n<w) (cf. Bowen (1975) for
further details). Il

As in the classical case we immediately obtain the following corollary.

COROLLARY 89. Let S be one of the systems specified in §2 and let
K = St(ML, I's). Then

(i) KeEC, iff K is closed under isomorphism, ultraproducts and
ultralimits and St(ML, I's) — K is closed under ultralimits.

(i) KeEC iff both K and St(ML, I's) -- K are closed under isomor-
phism, ultraproducts and ultralimits.



§9. MODEL EXTENSIONS

Let A and B be modal structures for ML and let m: A —>B. If m is a
I'-morphism we say that B is a I'-extension of U via m. A set I of for-
mulas of ML is said to be regular if it includes all formulas of the forms
x =y and x #y and also contains A,, , [y, ...y,] whenever it contains
A. A formula A of ML is said to be a * x-formula if it is obtained from a
formula of the form 6% (cf. Definition 6.8), where h was a basic formula
bundle over 2, by replacing all names of elements of || by free
variables (so that Ah,(O) becomes a conjunction of basic formulas
of ML).

MODEL EXTENSION THEOREM (9.1). Let S be a modal system
which possesses a strongly characteristic set I's. Let U be an S-structure
for ML which is a weak tree, let T be an S-theory, and let I' be a regular
set of formulas of ML which includes all * -formulas. Then 2 possesses
a I-extension B via some (strong) faithful I'-embedding m such that
B is model of T, if and only if, for all n and all A,,...,A, el if
F$—A, V... v 1A, then 1A, V... v 1A, is valid in 2.

Proof. Suppose that B is a I'-extension of A via m and that B is a
model of T. Let A, ..., A,erl, let v be an assignment in 2, and suppose
that F$ A, V... v 1A,. Then by Definition 2.8, for some i, 1 <i<n,
BEp1A[meov]. But since A;el” and B is a I'-extension of A, we cannot
have A, A;[v]. Consequently AE=—1A;[v] and it follows that 1A V...
v 714, is valid in 2.

For the converse, assume the given condition on A, T, and I, let
ML’ be the language obtained from ML by adding all the names of
elements of |/, | as new individual constants, let U be the theory T as
formulated in ML’, and let A" be (U, @), Let V be the S-theory
obtained from T by adding all the formulas of DI'(A)u MD* () as new
nonlogical axioms, where DI'(W) consists of all sentences A of ML’
which are obtained from a formula of I' by replacing all free variables
by names of elements of |.«/5| and such that A'kpA. Suppose V were
inconsistent. Then there would be A},...,A,eDI'(A) and B,...,B,e
MDY () such that

92)  FMA V.. VA, voB V... VB,

63



64 SECTION 9

Let e, ..., ¢, be all the new individual constants of ML’ which occur in
the formula of (9.2) and let x;, ..., X, be distinct new variables. Then by
the Theorem on Constants (1.6),

F$—A,V...v2A,v—B, V... v-B,,

where A; (resp. B;) results from A (resp. B;) by replacing e; everywhere
by x; for j=1,...,t. Since B; is a **-formula, B;el’, and then by the
regularity of I', A,, ..., A,, By, ..., B, all belong to I'. Hence by hypothe-
sis, the formula

(9.3) DA} V...V7A,vaB v...vaB,

is valid in 2. But let v be an assignment in U such that for a=1,...,1t,
v(x,) is named by e,. Then by definition of DI'(¥) and MD(),

AFA;[v] and UEB;[v]

for i=1,...,n and j=1,...,p, a contradiction. Thus V must be S-
consistent. Since I'g is strongly characteristic for S, there exists an S-
structure € for ML’ which is a model of V. Since € is a model of MD (%),
by Theorem 6.11 there exists an ultrapower B of € together with a
I'-embedding m of U in B. Since € is a model of T and € <B, then B
is a model of T as desired. Note that we can get m to be strong or faith-
ful by using Theorem 6.13 instead of Theorem 6.11 above. B

THEOREM 9.4. Let S possess a strongly characteristic set I's and let
A and B be S-structures for ML which are weak trees. Let I" be a regular
set of formulas of ML which includes all * x-formulas, let 4 include all
sentences of the form

VX, ...Vx,[A; V... VTA,]

where A;,...,A,el and & >0, and let m: A 2% B be a faithful strong
4-embedding. Then there exists an S-modal structure € and faithful
maps ' : B35 € and m”: A S § such that m” ~ m' °m, so that Figure 4
weakly commutes.
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Proof. Let h be any I'-formula bundle over B. Let ledom(h) and let
A, . x[b1, ..., by]ehy(]). First suppose that k€K, that m(k) = |, and that

9.5) AL, 713x;...X,A.

Then since m is a A-morphism, it follows that BEVx,...x, 1A, a con-
tradiction. Thus we must have that Uk, 3x, ... x,A. Now suppose that
I¢rng(m) and let ¢ be such that PS'l. Suppose that

ko1 03X, ... X,A.

Again since m is a A-morphism, BEp[O'Vx,...x,1A, and so
BE,Vx, ...X, 1A, once again a contradiction. Thus there must be a keK
with OR'%k and UE,3x; ... x,A.

Now let W be an N,-trivial expansion of U, and let I be the collection
of m-bundles {f, g> from B to W where f is 1 — 1. It follows from the
observations above that if we define J, as in the proof of Theorem 7.2,
then J, # 0. Now obtain F as in the proof of Theorem 7.2, and define
m’ as p is defined there. Let m* be the identity embedding of ¥ in ',
and let m* be the canonical embedding of A’ in (W)k. Let keK. We
claim that (m"om) (k) = (m* om*) (k). Set Z = {{f,g>el:m(k)edom(f)}.
As in earlier proofs, ZeF. Let {f,g>€l, and note that m* (k) =k and
m* (m*(k)) ({ f, g>) = k. But since m is strong and { f, g>€Z, then

m (m(k)) ((f, 9>) = f(m(k)) =k,

and the claim follows. Arguing similarly for individuals, it follows that
m em~ m*om*, Thus setting € = (A); and m” = m* em*, the theorem
follows. W

DEFINITION 9.6. A formula A of ML is a ¢3- formula if it is built up
from basic formulas of ML by means of A, Vv, 3, and ¢. A formula A
of ML is a (OV-formula if it is built up from basic formulas of ML by
means of A, v, V,and (.

We say that two S-theories T and T’ are equivalent if for every formula
A of ML, HA iff FS.A.

THEOREM 9.7. Let S be a modal system having the weak tree property
and possessing a strongly characteristic set I'g for which it is provable
that for every ¢3-formula A, there is a [JV-formula B st 1A« B or
F—A—(OVx[x =x]—B). An S-theory T is equivalent to some S-
theory T” all of whose nonlogical axioms are of the form A or
Vx[x = x]— A where A is a (OV-formula iff for every pair of S-structures
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Aand B, if m: A - B and B is a model of T, then A is a model
of T.

Proof. 1t is a routine computation to show that if A is a [Jv-for-
mula and m: A —B, then B, 4 A[meov] implies that A, A[v] and
B VX [x = x] - A[me v] implies that A, OVx[x = x] > A[v]. From
this it is easy to prove the necessity of the condition.

Conversely, suppose the given condition holds and let W be the theory
in ML whose nonlogical axioms consist of the [JV-formulas A such
that F}A together with the formulas [(Vx[x = x]— A such that A is a
[Ov-formula and H§ (OVx[x = x] —> A. Let A be an S-structure which is a
weak tree and which is a model of W, and let I' consist of all OE-formulas
together with the formula [QVx[x = x]. Then I is regular and includes
all »*x-formulas. Let Ay, ..., A,eI" and suppose that F¥—1A; V... VTA,.
Now 1A, V... VA, is equivalent in S to a formula B which is either
a [Ov-formula or of the form [OVx[x = x]— A, where A is a (JV-formula.
Since H}B, then B is a nonlogical axiom of W and hence is valid in .
Hence 1A, V... VA, is valid in . Then by the Model Extension
Theorem there is a I'-extension B of A which is a model of T. Then by
the given condition, % is a model of T. Hence every model of W is a
model of T and so by the assumption that S is strongly complete with
respect to I, it follows that T and W are equivalent in S. H

A question which naturally arises is whether or not the I'-extension
B of A which the Model Extension Theorem provides can be assumed
to be such that b(B) ~ b(A). The following simple example shows that
this is not possible. Let A=<, K,R,O) be such that K= {0},
R = {0, 0)}, and o/, = {{a}, po>, where p is a unary predicate symbol
and po = {a}. Then & EVxp(x). Let T be the theory whose only axiom
is OVx1p(x), and let I be the set of all atomic formulas; i.e., I' consists
of all the formulas p(y) as y ranges over all variables. Let B =
(4,,L,S, P) be the structure defined as follows (take N =@): L = {0, {},
S =1{(0,{%,<0,0%, <L)}, P=0, Bo=slo, and @ ={a},p,
p;=9. Then B Vx—1p(x), and so BlpO¥x1p(x). Thus B is a model
of T. But since %p = 2/, and I consists only of atomic formulas, B is
a I'-extension of A. Hence A possesses a I'-extension which is a model
of T. On the other hand, suppose that € is a I'-extension which is a model
of T and which satisfies b(€)=b(U), say € =<%,,K,R,0). Then
Wkop(x)[a] implies CFop(x)[a], so CFoIxp(x), and since the only
element of K is O and ORO, then G 3xp(x). But since € is a model
of T, we must have Gk OVx —1p(x), a contradiction. Thus A can possess
no I'-extension with the same base which is also a model of T.
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COROLLARY 9.8. Let S be as in Theorem 9.7. A formula A is equivalent
to a (OvV-formula or to a formula of the form [OVx[x =x]— B where
B is a [(JV-formula if and only if for all structures U and ‘B, all m: A— B,
and all keK, if BF A [mev], then U, A[v], where v is any assignment
in A.

Proof. One direction is a simple computation. For the other direction
assume the condition and let T be the theory, whose only axiom is A.
Then by Theorem 9.7, there is a theory T’ equivalent to T all of whose
axioms are either [Jv-formulas or of the form OVx[x = x} — B where B
is a [QV-formula. Then F$.A, and so there are axioms C,,...,C, of T’
such that

FSCi A ... AC,—A.

But F5C;fori=1,...,n,s0 FSA— C;, and hence
A« (Cy A ... AC,).

But C, A ... AC, is equivalent to a formula of the required form, and
so the result follows.



§10. INDUCTIVE THEORIES

We say that an S-modal theory T is inductive if for each direct system
{U,, fi} where f;*: A, - U, for n <m, if each A, is a model of T, then
lim A, is again a model of T. Recall that a formula is basic if it is either
atomic or the negation of an atomic formula.

LEMMA 10.1. Let A be a OE-formula, let oA and B be S-modal struc-
tures, let m: W— B, and let keK. Then for any assignment v in 2,
Ak, A[v] implies that B, A[mev].

Proof. By induction on the number of logical symbols in A. For atomic
A this follows from the definition of monomorphism, while for A of
the forms B v C and B A C, the induction is easy. Suppose A is 3xB and
A, IXB[v], so that for some ae|,|, AWE,B[v(¥)]. Then by induction,
B, B[m°(Z)]. Now mo(v(3)) = (m°V) (i) and m(@)e By, and it
follows that B, 3xB[me°v]. Finally, suppose that A is ¢B and
Ak, OB[v]. If keK-N then m(k)eL-M, and so Bf,u oB[mev]. If
keN, then m(k)eL, and for some k’eK with kRk" we have Uk, B[v].
Then using the induction hypothesis, Bl B[m°v]. Moreover, m(k')eL
and m(k)Sm(k'). It follows that B5,,4, ©B[mev], as desired. H

LEMMA 10.2. Let S be a modal system. Let T be an S-theory all of whose
nonlogical axioms are [JV-¢3-formulas and let {¥,, f;*} be a direct
system of modal structures. Let A be a nonlogical axiom of T, let n < w,
let v be an assignment in A, = (§, K" R" 0", N">, let keK", and sup-
pose that for all m = n we have

Q'Im l:lA[f;lm ° V] s
where | = f"(k). Then

QI::) }:IA[f;lw ov],

where I = f,* (k).

Proof. We proceed by induction on the structure of A. If A is a 03-
formula, the result is immediate by Lemma 10.3, while if A is B A C, the
inductive procedure is obvious. Let A be B v C. Then we can construct
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a monotonically increasing, infinite sequence (n;:i<w) such that
n<nqand for all i < w, if | = f(k), then

Q[m }:l B[fnm ° V] :

(For if not, we deal with the formula C v B.) But ™A, =1im%,, and so
by induction, A B[ f,”°v] where | =f*(k), and so A A[f,°v].
If A is Vx;...Vx,B, let @, ..., a,e|A"| where | = (k). Choose i=n
so that there are ay, ..., a,€|A}| where | = (k) such that f{*(a;) = @ for
i=1,...,m. By hypothesis, if p = 7, W, A[ ff°v], where | = fP(k), so if

u,,=(f,."ov)<“" “)

X1y eees X

then U, kB[ x,]. By induction, U, B[ f,*°u;], and so, since fi°°u;
agrees with £, °v on the free variables of A (which were assumed dis-
tinct from xy, ..., X,,), we have A_EA[ f,*v]. Finally let A be (OB.
It is easy to see from Definitions 8.2 and 2.11 that if /e K*—N*, then for
all n and k, if f°(k)=1, then keK"-N". Hence if ke N", then /e N>,
Assume ke N". Let [eK*® with IR, where | = f,* (k). Choose 7 = n so that
for some k'eK" f;*(k)=1I By hypothesis we have Uk, OB[fFov]
whenever p > and I' = ff(k), and so U . B[ ffov] where I’ = fP(k').
It follows by induction that A B[ f,°°v] and so A EA[f,2cv]. B

COROLLARY 10.3. Let T be an S-theory all of whose nonlogical axioms
are []V-¢3-formulas. Then T is inductive.

Proof. Let {A,, "} be a direct system of S-modal models of T and let
A be a nonlogical axiom of T with free variables x, ..., x,. Let v be an
assignment in A and choose n sufficiently large so that there are
ai, ..., a,eU(A,) so that f°(a;)=v(x;), i=1,...,n Let u be an assign-
ment in A, so that u(x;)=aq; for i=1,...,n Then by hypothesis, for
m=n we have A, FA[ f"ou], and so by Lemma 10.4, A FA[ f,7ou].
Since (f,° o) (x;) =gy (x;) for i=1, ..., n, it follows that A EA[v] and
so A, isamodel of T. M

THEOREM 10.6. Let S be a modal system having the weak tree prop-
erty which possesses a strongly characteristic set I's and is such that in
S, every **x-formula is equivalent to the negation of some [V-¢3-for-
mula. An S-theory T is inductive iff T is equivalent in S to an S-theory
W all of whose nonlogical axioms are [JV-¢3-formulas.

Proof. One direction is immediate from Corollary 10.5. For the other
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direction let W be the S- theory whose nonlogical axioms consist of all
[Jv-¢3-formulas A such that F§A, and let I be the set of formulas which
are equivalent in S to the negation of a [JV-¢3-formula. Clearly I' is
regular. Since both OOVx[x = x] and ¢3x[x # x] are [JV-0¢3-formulas,
it follows from remarks above that every #*-formula belongs to I'. Let
A be an S-structure which is a model of W. We will define a direct system
{QI,,, S} such that A, = A, f;*: A, > A, for n < m, and for each n, A,
is a model of T, f2"+1: 3 QQIZHH, and [0, 5U,,,,. For
A,, assume that B,,...,B,eland F3 1B, V... v 1B,. Let A, ..., A,
be [JV-03-formulas such that F}B,<> A, for i= 1,...,p. Let D be
A; V...V A, Then FSD. Since Disa [JV-¢3-formula, then D is an axiom
of W and hence valid in . If D' is the universal closure of D, then AED.
Hence 1B, v... v 1B, is valid in ;. Consequently, by the Model
Extension Theorem there is a I'-extension A, of A, via a strong I'-
morphism f;> which is a S-model of T.

Now suppose that 9, f have been defined as desired for all k,k’ < 2n,
n=1. To define UA,,, ,, let 1T consist of all 03-formulas together with
Ovx[x = x] and all **-formulas so that IT is regular and includes all
sx-formulas. Let A consist of all formulas of the form [PVx,...x,A,
where A is a disjunction of negations of formulas in /1. Then it is easy to
see that any formula in A is equivalent to one of the two forms 1B or
—B v 1 0vx [x = x|, where Bisa ¢3-formula, and consequently, A = I".
By induction, f2" | is a strong I'-embedding of ¥ ,,_, in A,,, and hence

Zn_ | is a strong A-embedding of A ,,_, in A,,. Hence by Theorem 9.4,
there exists an S-structure A,,,, together with maps f2*!: ,,>"—
Wy,yy and 20 Wy, -5 Uy, such that f2rH! = f2n+1. f2ur2 For
k<2n— 1 define fk2"+1 by f2n+1 — 22nn+11 °f2n 1 Then f12n+1:gl[1§_5_)
UAsptr>,80W,, .1 isamodel of W,

One defines A,,,, and f2r72:U,,, =5 U,,, ,FT just as A, and
2 were defined. For k < 2n + 1, define f2"*% =f2r2of2"*". This de-
fines the direct system as desired.

Now if U, =Lm®,, then A, =lLimA,,, and since T is inductive,
A, is a model of T. But A, =1imA,,,,, and so by Theorem 8.5,
f2: A, 5. Thus A, =A is a model of T, and since S possesses a
strongly characteristic set I's, it follows that T and W are equivalent, as
desired. l

COROLLARY 10.7. Under the hypothesis of 10.6, a formula AeML
is inductive iff it is equivalent in T to a [JV-¢3-formula.
Proof. Proceed as for Corollary 9.8.



§11. JOINT CONSISTENCY AND INTERPOLATION

If A is a modal structure for the language ML and if ML’ is a sublanguage
of ML, we define the restriction of U to ML', A ML, as follows. Let
A=<, ,K,L O, N> and let L’ be the underlying classical language
of ML". Then A ML =<{,[L,K,L, O, N}, where &, L is the re-
striction of the classical structure 7, to L’ (cf. Shoenfield (1967), p. 43).
We also say that U is an expansion of Ul ML’ to ML. Let S be a modal
system and let T and T' be S-theories with languages ML(T) and ML(T"),
respectively. We define the union of T and T', TUT, to be the S-theory
with language L” whose nonlogical symbols consist of precisely those
of ML(T) together with those of ML(T’') (at this point, if we have not
already, we agree to the convention of Shoenfield (1967), p. 15, that if
a given symbol is used in one manner in a certain language, it is used
in all other languages in the identical manner), and whose nonlogical
axioms are precisely those of T together with those of T'. The following
proof of the Joint Consistency Theorem is a rather direct adaptation
of the classical proof as given in Shoenfield (1967). An approach using
somewhat different techniques is contained in Gabbey (1972a).

JOINT CONSISTENCY THEOREM (11.1). Let S be a modal system
having the weak tree property and possessing a strongly characteristic
set, and let T and T’ be S-theories. Then T U T is S-inconsistent iff there
exists a closed formula A common to ML(T) and ML(T’) such that F3A
and H. A,

Proof. Clearly, if such a formula exists, then TUT is S-inconsistent.
For the converse, assume that no such formula exists. We will show that
TuT is consistent. Let I’ be the set of closed formulas A of ML(T)
such that 5. A. Then T[I'] is consistent. For otherwise there are axioms
A,,...,A,of Tand B, ..., B, el such that

FS—A, v...v A, v-B, v...v B,

so that F¥ (B, A... A B,). But since F$B; for i=1,...,m, we have
F3 B, A ... A B, contradicting our hypothesis.

Now let ML be the modal language whose nonlogical symbols are
precisely those common to ML(T) and ML(T"). We will define a direct
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system {2, f;"} of S-structures for L(T u T’) such that each f" is strong
and:

(a) {QIZ,,H, fz,,"i, %'} is an elementary direct system of models of T;

(b) {A,,, f2"} is an elementary direct system of models of T’;

(c) {AU,] ML, f"}is an elementary direct system.

Let A4 consist of all formulas of ML so that 4 is regular and includes
all =x-formulas of ML. Since S possesses a strongly characteristic set,
let A, be any S-model of T[I']. Let B be an expansion of A,[ ML to
ML(T"). Then the same formulas of ML are valid in %, and B. Let A
be a formula of ML such that F$.A, and let A’ be the closure of A. Then
A'erl’, so A, FA’, hence BEA’, and so A is valid in B. Hence by the
Model Extension Theorem there is a 4-extension U, of B via a strong
£ such that U, is a model of T".

Now let n> 1; we construct U, as follows. Let € be an expansion of
A,,_ I ML to ML(T). Then if h = 2"}, h: Q[z,, JMLESA,, M=
€ML, and so h is a 4-embedding of A,,_, in €. Thus by Theorem 9.4
there exists an UA,, together with maps f2r U, 25U, and
fz,l 2 Uy 2—»912,, such that f2" , = 2" 1 22,," 21 For k < 2n— 2, set

2n = f2n . of,2" The construction of Wy, ,, f2rH!, and f2"*! is similar.
Note that:
(1°) with regard to ML(T U T’), f;" is only a proto-morphism;
2°) with regard to ML, f;" is an elementary monomorphism;
(3°) with regard to ML(T), f2™ is an elementary monomorphism;
) with regard to ML(T’), f2"}! is an elementary mono-
morphism.

Now let A = limW,, and A’ =1imA,,,,. By Theorem 8, A is an
S-model of T and U’ is an S-model of T. Clearly Al ML = lim %[ ML =
AT ML. From this it follows that b(U) = b(A'), and if A = (,,K,R, O,
N>, then for each keK, &, [L= /4L, where A =<, K,...), and
where L is the classical sublanguage of ML. Then for each k€K there is
a classical structure B, for ML(TUT’) the classical sublanguage of
TuT, such that Z[JL(T)=«, and %[L(T)=/. Let B=
(%, K,R,O,N). Since B[ ML(T)=U and B[ ML(T') = W, then B is
amodel of TU T, as desired. I

INTERPOLATION THEOREM (11.2). Let S be a modal system having
the weak tree property possessing a strongly characteristic set I's. Let
T and T’ be S-theories and let A be a formula of ML(T) and B be a for-
mula of ML(T). If H§_1-A — B, then there exists a formula C, necessarily
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belonging to the common part of ML(T) and ML(T’), such that F§A — C
and F3.C > B.

Proof. First assume that both A and B are closed. In the S-theory
T[A]UT/[B], we can clearly prove A, 1B, A—B, and B, since
TuT is a subtheory. Hence T[A]UT’[1B] is inconsistent. By the
Joint Consistency Theorem there exists a closed formula C such that
FaC and +3( g 1 C. Thus there are nonlogical axioms Dy, ..., D, of
Tand E,, ..., E,, of T such that

FH=D,v..v-aD,v-AVvC and
F—E,v..vaE,v-1aBv-C.

It follows that F$A - C and +5.C > B.

When A and B are not necessarily closed, let x;,...,Xx, be all the
variables occurring free in either A or B, and let ey, ..., e, be new in-
dividual constants not occurring in the language at hand. Let A" be
A, .[ei,....e,Jand let B be B, , [ey,...,e,]. Then

|_§,’UV'1‘/ - B/’

where V(V’) is the result of adding e, ..., e, to T(T’). By the foregoing
there is a closed C’'e ML(V)» ML(V’) such that FyA’ - C"and +y.C - B'.
By changing bound variables if necessary, we can assume that none of
X4, ..., X, occur bound in C'. Let C result from C’ by replacing e; by x;
for i=1,...,n. Then CeML(T)nML(T") and by the Theorem on
Constants, F$A — C and +$.C — B, as desired. W

DEFINITION 11.3. Let S be a modal system, let T be an S-theory,
let Q be a set of nonlogical symbols of T and let p and f be n-ary non-
logical symbols of T which are not in Q. The predicate symbol p is
(explicitly) definable in terms of Q in S and T if there is a formula A con-
taining no nonlogical symbols not in Q such that if x, ..., x, are distinct
variables, F§px; ... X, <> A. The function symbol f is (explicitly) definable
in terms of Q in S and T if there is a formula A containing no nonlogical
symbols not in Q such that if x,,...,X,,y are distinct variables, then
Ffx,...x, = y—A.

DEFINITION 11.4. Let S be a modal system, let T be an S-theory,
let Q be a set of nonlogical symbols of T and let p and f be n-ary non-
logical symbols of T which are not in Q. Let p’ and f’ be new n-ary non-
logical symbols and let T’ be just like T except that p (resp. f) is replaced
everywhere by p’ (resp. f'). Then p is implicitly definable in terms of Q
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in S and T if there is a formula A(p) of ML(T) containing no nonlogical
symbols not in Qu {p} such that if x,, ..., X, are pairwise distinct, then
FH-A(p) and

ForA@) A A@) - [pX, ... X, > P'X;y ... X, ],

where A(p') is the formula of ML(T’) obtained from A (p) by replacing
each occurrence of p by p’. We say that f is implicitly definable in terms
of Qin S and T if there is a formula A(f) of ML(T) containing no non-
logical symbols not in Q U {f} such that if x,, ..., x,, y are pairwise dis-
tinct, then FSA(f) and

HorAf) A AF) >[I, ... X, =y > X, ... X, =Y],

where A(f’) is the formula of ML(T’) obtained from A(f) by replacing
each occurrence of f by f’.

DEFINABILITY THEOREM (11.5). Let S be a modal system having
the weak tree property possessing a strongly characteristic set I's and
let T be an S-theory. Let Q be a set of nonlogical symbols of ML(T) and
let u be a nonlogical symbol of T not in Q. Then u is definable in terms
of Q in S and T iff u is implicitly definable in terms of Q in S and T.

Proof. We will treat the case in which u is an n-ary predicate symbol
p. Suppose that p is definable in terms of Q in S and T, say F§px, ... X, <> B,
where B contains no nonlogical symbols not in Q. Then the desired A(p)
is just the formula px; ... x, <> B. Conversely, suppose that p is implicitly
definable in terms of Q in S and T, say via A(p) where A(p) contains no
nonlogical symbols not in Qu{p}. We have i rA(p)AA@Pp)-
[px;...x, = p'X;...X,]. Thus we have H§_ 1px,...x,—>pX;...X,, since
F3A(p) and this clearly implies that F$.A(p’). Hence by the Interpolation
Theorem, there exists a formula B all of whose nonlogical symbols are
common to T and T’ (in particular, none can be p or p’) such that
Fpx,...x,—»Band F$.B - p'x, ...x,. Let P’ be the proof of B— p'x, ...X,
in S from T". It is easy to see that if B is the result of replacing p’ every-
where in P’ by p, then B is a proof of B - px, ...x, in S from T. It follows
that F5px, ...x, < B, as desired. W
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We say that an S-theory T is model complete if for every pair A, B of
S-models of T and every m, if m: A —» B, then m: A 5 B.

LEMMA 12.1. Let S possess a strongly characteristic set I's and let T
be a model complete S-theory. Then for each S-model A of T which is
a weak tree, T U MD() is an S-complete S-theory.

Proof. Let A be an S-model of T and let B, and B, be S-models of
TuMD(). By Theorem 6.11 there exist ultrafilter pairs {I,, F,) and
{I,,F,)> and maps m;, m, such that m;: A — (B, for i=1,2. For
i=1,2let € be (B;)} and let d;: B; — €; be the canonical embedding.
By Theorem 6.5 each of d; and d, is an elementary embedding; hence
both €, and €, are models of T. Since T is model complete, then both
m, and m, are elementary embeddings. Let A be a sentence of the under-
lying modal language ML. Then since all the maps in sight are elementary,
we have

B, EA iff C,FA iff UEA iff C,FA iff B,EFA.
Hence B, =B, and so, since S possesses a strongly characteristic set
I, it follows that T U MD() is S-complete. W

The next theorem extends results of Robinson to our modal setting (cf.
Sacks (1972), Section 8).

THEOREM 122. Let S have the weak tree property and possess a
strongly characteristic set I's and let T be an S-theory. The following are
equivalent.

) T is model complete.

(i1) For each S-model A of T, TuMD(%) is S-complete.

(1ii) For each formula A of ML(T) there is a ¢03-formula B such
that FSA —B.

The implication (i)=>(ii) is just Lemma 12.1. Next assume (iii) and let
m:UA—-B where A and B are S-models of T. Let A be a formula in
ML(T). By (iii) there is a ¢3-formula B such that F}A < B. Let v be an
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assignment in A and suppose that A=A [v]. Since A is an S-model of
T, then AEB[v] and so by Lemma 10.1, BEB[mev]. Then since B
is an S-model of T, B A[mev] and so m is a weak elementary embedding.

Finally, assume (ii) and let A be a formula of ML(T) whose free vari-
ables are among X, ...,X,. Let Q be the set of formulas B with free
variables among X, ..., X, such that B is a 03-formula and §B — A. Let
e;,..., €, be new constants and let U be obtained from T by adding the
following axioms:

(1°) Ay ..x[es,...,e,], and

(2°) —1Bx,...x,[€;, ..., €,], where B belongs to Q.

Suppose U were consistent. Then since S has the weak tree property
and possesses a strongly characteristic set I's, U would have an S-model
A which is a weak tree. Since U is an S-model of T MD() and U is
a model of (1°) above, it follows that

FrompanAx, . x,[€15 s €,].
It follows that there are Cy, ..., C, in MD() such that
FSCi A ... AC— A, x[ey, ..., 6]

Let D be C; A ... A C,. Then since each C; is a ¢3-formula, D is a ¢3-
formula and so D belongs to Q. Thus by the construction of U, ;1D
and so A 1D since A is a model of U. On the other hand, fori=1, ..., s,
C,; belongs to MD(¥) and so A=C;. Hence AED, a contradiction. Thus
U must be inconsistent. Hence there are By, ..., B, in Q such that

A VB, v...vB],, .[e,....e]

Then by the Theorem on Constants (1.6), F3 1A v B; v ... VB, so that
FfA—>sB; V... VB,.

But each B, belongs to Q fori= 1, ..., p, and so F5B; - A. Hence
HB; V... VB, —A.

Since each B;isa ¢3-formula,soisB; Vv ... v B,, completing the proof. W

From Theorem 8.5 it is clear that any model complete S-theory T is
inductive. Then Theorem 10.7 yields the following:
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THEOREM 123. Let S possess a strongly characteristic set I's and
let T be a model complete S-theory. Then T is equivalent in S to a theory
all of whose axioms are [JV- ¢3-formulas.

The next theorem provides yet another condition equivalent to model
completeness; we will find it useful later.

THEOREM 124. Let S possess a strongly characteristic I's and let T
be an S-theory. Then T is model complete iff for S-models A and B of
T which are weak trees and all f: W — B, there exist €, g, and h such
that Figure 5 is commutative.

o
w=s g w h
W -
A £ B
Fig. 5.

Proof. If T is model complete, W and B are models of T, and f: A - B,
then f is elementary and so it suffices to take € =% and g=h=/.
Conversely, assume the given condition, let A, and B, be S-models of
T which are weak trees, and let f,: W, — B,. Then by the condition there
exist WAy, go1, and hy such that Figure 6 is commutative.

%, T
o1 x \1 a
hg
A - Bo
0 fo 30

Fig. 6. Fig. 7.

Since g, is elementary, it follows that 2, is an S-model of T. Conse-
quently, again using the condition, there exist f}, kq;, and B, such that
Figure 7 is commutative.

Then B, is also an S-model of T since kg, is elementary. Iterating this
procedure, we can construct the following infinitely proceeding diagram
(Figure 8),
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[ £, 4

g2 h, ki,

Go:

Ao 7 By

where for i =0,1,2,...,%; and B, are S-models of T. Let A, = limY;
and B, =1im®B,;. By Theorem 8.5, for all i, g;, : W; 5 A, and k;:
B; 5B _. Define f, on A, as follows. Let ke K®. Choose an i and a
k;eK' such that g, (k') = k. Then set f, (k)= (ki, °f;)(k;). This is well-
defined. For if k;eK’ is such that g, (k;) = k, then g, (k;) = g, (k;) im-
plies that there is an [ > i, j such that g;(k;) = g;(k;), call this k,. Then:

(ki °f) (ki) = (k1o ° ki of) (ki) = (ki °fy 2 gir) (ki) = (Kuoo 1) (K2).

and similarly, (k. °f;)(k;) = (ki °f;)(k;). Now let ae]d,‘f’ , and choose i
so that there are k;eK' and a;e |«} | such that g, (k;) = k and g;,,(a;) = a.
Then define f_(a) = (k;,, °f;)(a;). As above, this is easily seen to be well-
defined.

Now suppose that kR®k’. Then there is an i such that there are k;, kieK’
such that g (k) =k, gio(k})=K, and k;R'K.. Then f(k;)S(k;), so
(ki °f1) (k)S™ (ki °f) (k}), and hence f, (k)S™f,(K'). Now suppose that
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a,d €|l and 1a = d. Letibesuch that thereisa k;eK' and a;, dje|+#, |
such that g;,(k;) =k, g;,(a;) = a,and g, (a;) = . Then 1a; =,,4;. Hence,
since f; is a monomorphism, —fi(a;) =4, fi(d}) and since ki, is a
monomorphism, T1f,(@) =7 ) fo(d). In a similar vein it is easy to
compute that f, is an elementary embedding of 2 in B . Moreover,
[ 1s onto sk(B ). For let zesk(B, ). Then for some i there is a z;esk(B;)
such that k;.(z;) = z. But then h;(z;)esk(¥,,,) and

foo((gi+1oo°hi)(zi)) =(ki+100°fi+1°01)(2;) = (kis 100° ki 1)(2))
=kio(z;) =2

Finally, let A be a formula and let v be an assignment in 2. Then:
Q[0'=A[:v:| lff QIOOFA[QOOO°V] lff $w':A[fco ogcoov]'
But for any zesk(o), (f °Fow)(2) = (ko °fo)(2). Hence,

B EA[ foGdowov] iff BoFA[koyfoov] iff
BoEA[foov].

Thus f, is an elementary embedding, as desired. Il

DEFINITION 12.5. Let T and T' be S-theories with the same language.
Then T’ is a model-completion of T if all of the following hold:

(i) T’ is an extension of T (i.e., F3A implies . A).

(ii) If A is a weak tree which is an S-model of T, there exist
B and f such that f: A — B is an S-model of T".

(iii) If A is a model of T and B, and B, are both models of T”
and f; and f, are such that f;: W — B, for i=1,2, then
(B:. 1 (a))as|do| = (%Z’fZa(a))ae[.dol'

We say that an S-model U of an S-theory T completes T if whenever B
is an S-model of T and f: A B, then f is an elementary embedding.
Clearly T is model complete iff every S-model of T completes T. More-
over, if T’ is a model completion of T and U completes T, then A is an
S-model of T". For A is an S-model of T and T’ is a model completion
of T, so there are B and f such that B is an S-model of T" and f: A — B.
But then since U completes T, f must be a weak elementary embedding
and so Ais an S-model of T".

LEMMA 12.6. Let S possess a strongly characteristic set and let T
and T’ be S-theories such that T" is a model completion of T. Then T’
is model complete.
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Proof. Let A be an arbitrary S-model of T’ and let B, and B, be
S-models of T'uUMD(). Then by Theorem 6.13 there are ultrafilter
pairs {I;, F;>, i=1,2, such that if §; = (%,-)}"i, i=1,2, there are f; such
that f;: W — ;. Since each B; is a model of T’ and since each canonical
embedding d;: B; — €, is elementary, it follows that each of €, and €,
is an S-model of T’. Hence by (iii) of the definition of model completion,

((ils .fl (a))as|.do| = (¢2> fz(a))ae|do |»

and in particular, €; = &,. Then again using the fact that each d; is
elementary, B, = 8B,. Hence T'UMD(¥) is complete in S since S pos-
sesses a strongly characteristic set. Hll

Completeness Proviso. Virtually all the theorems we wish to prove below
depend on the assumption that the modal system S has the weak tree
property and possesses a strongly characteristic set I's. To avoid con-
tinually including this as a hypothesis, we will assume henceforth that
every S considered possesses a strongly characteristic I's and has the
weak tree property.

In the definition introducing the notion of model completion, the
wording suggests that more than one model completion of a theory
might exist. However, we show next that model completions, when they
exist, are unique.

THEOREM 12.7. Let T, T’, and T” be S-theories such that both T’
and T” are model completions of T. Then T” and T” are equivalent in
the sense that for any A, F3. A iff F$. A.

Proof. Obviously we may assume that T, and hence also T’ and T”,
are consistent. Let A be an S-model of T'. We define a direct system of
S-structures {2,:n < w} and morphisms f": A, - A,,, n < m, as follows.
Let A, be just A. Now assume that A,, has been constructed and is a
model of T". Then U,, is also a model of T and so, since T” is a model
completion of T, there exists an S-structure ¥,,,, and a monomorphism
far+. U, » Uy, such that A, ,  is an S-model of T”. Finally, assume
that A,, ., has been constructed and is an S-model of T”. Then U, ,
is also a model of T and again since T’ is a model completion of T,
there must be an S-structure U,,,, and an f2" 2 U, 1> Wsnss
where U ,, ., is an S-model of T'. Then for n < m, we define /™ by com-
position of the intervening maps.

m__ fn+1 n+2 m
ﬁl =Jn °fn+1 o"'ofm—l'
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Now let B = lim,. Now consider any n and the map f2'*?:9,, —
A,,+2- Both A,, and A, ,, are models of T’, and by Lemma 12.6, T'
is model complete. Thus f2"*? is elementary. Similarly, f2"3: %, ., —
A, 3 is elementary for each n. Now it is simple to verify that B = lim,,
and B =1limA,, ;. Thus by Theorem 8.5, B is an elementary extension
of both A, and A, . Since A, is a model of T”, so is B and hence AUy, = A
is also an S-model of T”. Thus every S-model of T’ is also an S-model of
T”, and hence it follows that if 5. A, then A is valid in every S-model
of T/, and so F}-A. That F}.A implies F}.A is shown similarly. Il



§13. FINITE FORCING

Here we extend the ideas of Robinson (1970) and Barwise and Robinson
(1970). Our approach is that of Keisler (1973).

Given a modal language ML, the infinitary modal language ML, ,,
is built up from ML by allowing the formation of infinite disjunctions
V @ or V4. 4A for any countable set @ of formulas. The infinite conjunc-
tion AP or A, oA is then an abbreviation for =1 Va1 A. Since we
allow the iteration of this formation of infinite disjunctions together with
the usual finitary operations of ML, it follows immediately that ML, ,,
contains infinitely many formulas. In fact, ML, has 2*° many formulas.

Given a formula A of ML,,,, we define the set of subformulas of A
recursively as follows:

@) If A is atomic, sub(A) = {A}.

(i) sub(A v B) =sub(A)usub(B)uU{A v B}.
(iii) sub(—1A) = sub(A)u {1 A}.

(iv) sub(IxA) = sub(A)uU {IxA}.

v) SUb( VacpA) = Une oSUb(A) U { Vac 0A}.
(vi) sub(0A) = sub(A)u {©A}.

It is easy to verify by induction on the structure of A that sub(A) is at
most countable.

DEFINITION 13.1 A fragment of ML, , is a set ML, of formulas of
ML,,, such that:

(@) Every formula of ML belongs to ML, .

(i) ML, is closed under applications of —, 3x, ¢, and finite
disjunction.

(iii) If AeML, and a is a term, then A, [a]JeML,,.

(iv) ML, is closed under subformulas; i.e, Ae ML implies that
sub(A) = ML,,.

In the remainder of this section, ML, will be a fixed countable fragment
of ML, . Let U be countably infinite set of new individual constants
and for ueU, let C*={cg,c},...} be such that UnC*=9 and u+ v
implies C*N C* ={. Let ML, be the set of all formulas obtained from
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formulas of ML, by replacing finitely many free variables by constants
ce C*. If MK* is obtained from ML by addition of the constants in C¥,
then it is easy to see that MK, is the least fragment of MK, , which
contains ML, .

Let LB[U] be the language obtained from the language LB of §2 by
adding the elements of U as new individual constants. Let S be a fixed
modal system with characteristic set [s.

DEFINITION 13.2. A forcing property for LB[U] is a triple & =
{P, <,h) such that:

(i) <P, <) isa partially ordered set with first element 0.

(i) & is a function defined on P such that for each peP, h(p) is a set
of atomic sentences of LB[U] such that:

(@) If p<gq, then h(p)<h(q).

(b) For each pe P and ue U, there is a ge P with p < g such that
the sentences O*R*u and u = u both belong to h(g).

() If u=u and A,[u] both belong to h(p), then there is a ge P

with p < g such that the sentence A, [u'] belongs to h(q).

DEFINITION 13.3. Let # =P, <,h) be a forcing property for
LB[U], let A be a sentence of LB[U], and let pe P. We defined the re-
lation pH? A, “p forces A”, by induction on the structure of A as follows:

(i) If A is atomic, p H”'A iff Aeh(p).
(ii) pH? — A iff there is no q = p such that gH%'A.
(iii) pH?A vBiffpH? A or pH?B.
(iv) pH? 3IxAiff thereisaue U such thatpH-? A, [u].

We say that p weakly forces A, written p HF*A, iff pH— = A.

DEFINITION 13.4. A proto-forcing relation for ML over U and {C*}
is a quadruple # = (P, <,h, f ) such that:

(i) The triple ' = (P, <,h) is a forcing relation for LB[U];

(i) fis a function defined on P x U such that for each pe P and ueU,
f(p,u) is a set of atomic sentences of MKZ%* = U {MKY :«' = ueh(p) v
W R*ueh(p)} such that:

(a) If pe P and u = ' occurs in h(p), then f (p, u) = £ (p, v).
(b) IfueU and p,geP and p < g, then f (p, u) < f (q, u).
() Let peP and ueU, and let a be a closed term of MKZ*.

Then there is a geP with p < ¢ such that a=a occurs in

f(g,u).
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d) If pePand ue U, and if a = b and A, [a] both occur in f (p, u),
then there is a geP with p <gq such that A, [b] occurs in
f(q,u).

(e) For any peP and ue U and for any closed term a of MLZ2*
there are ce C* and ge P with g = p such that a = ¢ occurs in

f (g, w.

If #=(P, <,hf) is a proto-forcing relation and A is a sentence of
LB[U], we write pH?A if pH?'A, where # = (P, <,h). In general
we will suppress the superscripts # and 2.

DEFINITION 13.5. Let 2 =(P, <,h,f)> be a proto-forcing relation
over C and U. Given peP, ueU, and a sentence A of u, ., MKY%,, we
define the relation pH,A, p forces A at u, by induction on the complexity
of A as follows:

(i) If A is atomic, then pH A iff Aef(p, u).

(i1) pH, 1 A iff there is no g = p such that gH,A.
(i) pH, v & iff for some Ae®, pHA.

(iv) pH,3xA iff for some ce C*, pH A, [c].

) pH, ¢ A iff for some w e U, pHruR*w and pH, A.

DEFINITION 13.6. If AeLB[U], we write pH*A for pH— -1 A and
say that p weakly forces A. And if AeMKY = u,.yMKY% we write
pH*A for pH, 1 1 A and say that p weakly forces A at u.

LEMMA 13.7. Let A and A® be sentences of MKY, let ue U, and let
p,qeP where #=(P,<,h,f)> is a proto-forcing relation; and let
EeLB[U]. Then:

)] p < gqand pH A imply gH,A.

2) It is not the case that both pH,A and pH,—A.
3) Vpig = p[gH A or gH,A].

@ pH*A iff Vg = p3r = q[rH,A].

%) If pH A, then pH*A.

6) pH* A iff pH, A,

(7 pH, VXA iff Vg = pVce C*3r = q[rH A [c]].
8) pH, A ®iff YAe®Vqg = pIr = q[rH A].

)] pH, OA iff Vg = pVu' e U3r = q[rHuR*u=rHA].
(10) p < q and pHE implies gHE.

11 It is not the case that pHE and pH 1 E.
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(12) Vp3q = p[qHE or gH—E].

(13)  pH*Eiff Vg > p3r > [rHE].

(14)  If pHE, then pH*E.

(15) pH*E iff pHE.

(16) pHVXEiff Vg = p¥u' e U3r = q[rHE,[u]].
(17) pHE A Fiff pH*E and pH*F.

Proof. We first prove statements (1) and (10) simultaneously by in-
duction on the complexities of A and E; for the atomic cases, these follow
immediately from the statements 13.5(i) and 13.4(iib), and 13.3(i) and
13.2(iia). If A is v @, suppose that pH,A by virtue of pH- B where Be ¢.
By induction, gH,B, and so gH,A. Similarly f Eis F v G. If A is 7B
and g <r, then p <r, so not —gH,B and so ¢gH,A. Similarly if E is —F.
Finally, let A be OB and suppose that for some u'e U, pHuR*« and
pH,B. Then by the induction hypothesis and (10) in the atomic case,
qHuR*y and gH, B, so gH A.

For (2), if pH,—A, then for all ¢ >p, not—gH,A; in particular,
since p = p, not—pH,A. Similarly for (11).

For (3), let pe P and suppose that there is no g = p such that gH-,A;
then for all g = p, not—gH,A and consequently, pH,—1A. Similarly
for (12).

Both (4) and (13) follow immediately from the definitions involved,
while (5) and (14) follow immediately from (1) and (10), respectively.

For (6), suppose pH}*—1A and let g = p. Then there must be an r = ¢
such that H,—1A, and consequently not —rH-,A. If gH- A, then by (1)
we would have rH A, a contradiction. Thus not —gH,A and so pH, 1A,
The converse follows from (5). Similarly for (15).

For (7), since VxA is 13x 71 A,

pH VxA iff Vg=paenot—gH IxA
iff Vg =panot—3ceC*s gH,71A,[c]
iff Vg=pVYeeC*Ir = qe rH A [c].

Similarly for (16), while (8) and (17) are treated in a like manner.
Finally, for (9), since (JA is 71 0A,
pH,OA iff Vg =pesnot—3ue UsgHuR*W &qH, 1A
iff Vg =pVu'e Us gHuR*W = 3r = grH, A.

Assume this latter statement, let ¢ = p and ' € U, suppose gHuR*u, and
let r = g be such that rH,A. Then by (10), rHuR*v/, and so the right
side of (17) follows. Conversely, assume the right side of (17), let g = p,
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w e U, and suppose gHuR*w'. By the right side of (17), there is an r =g

such that
rHuR*vw' =rH, A.

But by (10), since gHuR*y" and r= ¢, then rHuR*/ and so rH,A,
and pH, A follows. I

Throughout the following, # = (P, <, h, f > will be a fixed proto-forcing
relation.

DEFINITION 13.8. A subset G < P is P-generic for poeP provided
the following all hold:

(1) Po€G.

(ii) peG&q=<p=-qeq.

(1i1) p,qeG=>thereisan reG withp<r&q=<r.

(iv) For each sentence A of MK%, and each ue U, there is a pe G
such that pH-,A or pH,1A.

) For each sentence E of LB[U], there is a peG such that
pHE or pHE.

GENERIC SET LEMMA (13.9). For any p,e P, there exist subsets G of
P which are #-generic for p,.

Proof. Let (Ao, 4o, ...,{ Ay t,», ... be an enumeration of MKY, x U
and let Eo,E,, ... be an enumeration of LB[U]. We will inductively
define a sequence pg,py, ... of elements of P as follows. The element p,
is as given. Then for n = 0, assume that p; has been defined for i < 2n + 1.
Then using statement (3) of Lemma 13.7, let p,,, ; = p,, be such that

p2n+1HunAn or p2n+1I-I-u,.w| An'

And then using statement (12) of Lemma 13.7, let p,,42 = pans1 b€
such that

p2n+2HEn or p2n+2H——|En'

Then, setting G = {qeP: for some n,q <p,}, it is easy to see that G
is P-generic for p,. W

Given a generic G, we will write GH,A to mean that for some peG,
pH A, and similarly for GHE.
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DEFINITION 13.10. An expanded modal structure is a modal structure
A = (4, K, R, O, N) together with maps u — u¥eK and ¢ - c**e|o/,|
for ce C* where k = u¥. Such an expanded structure is said to be canonical
if each keK is u¥ for some ue U, and for each keK and ae]ﬂk , there
exist ue U and ce C* such that u™ = k and a =™ *.

DEFINITION 13.11. Let p,e P. An expanded modal structure U =
(A, K, R, O,/N> is said to be P-generic for p, if it is canonical and
there is a G which is #-generic for p, such that:

(i) for any formula E of LB with free variables w,....,w, and any
uy, ..., u,cU ifv(w)=ulfori=1,....n,

b(WEE[v] iff GHE,, . [uj,....u,];

(i) for any formula A of ML, with free variables x,,...,x,, any
ueU, and any cy,...,c,eC* if k=u¥ and v(x)=c* for i=1,...,n,
then

A A[v] iff GH A, . [c1...-s¢a)-

We say that G determines 2. Also, we will say that U is P-generic if it is
P-generic for 0.

THEOREM 13.12. Let pye P. Given any subset G of P which is 2-generic

for pg, there is a modal structure U which is #-generic for p, and deter-
mined by G.

Proof. First define an equivalence relation ~ on Uu {O*} by: u~u’
iff GHu =u’; it is easy to verify that this is indeed an equivalence re-
lation. Then set K = {u/~ :ue U}, and define R by

(u/~)RW'/~) iff GHuR*w.

Suppose that u/~ =u"/~ and v/~ =u""/~, so that GHu =u" and
GHv =u"". Moreover, suppose that GHuR*u". Let py, p,, p3€G be
such that pHu=u", p,Hr' =u"’, and p;HuR*u’. By Definition 13.8
(iil), there is a geG with py, p,, p3<q; by Lemma 13.7, qHu=1u",
gHv = u”’, and gHuR*u". Now Definition 13.8(v) guarantees that there
is an re G such that

rBrw’R*u” or rHE—u”"R*u”’.

Then using 13.8(iii) again, there is an se G with ¢, r < s, and so by Lemma
13.7, sHuR*v', sHu=u", and sHw' =u”’. Then by Definition 13.3(i),
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u=u", W =u"', uR*uw eh(s), and so by two applications of Definition
13.2(c), there is an se€P with s<s" such that u"R*u”’eh(s), and so
sHu’R*u”’. Since r < s, by Lemma 13.7 we cannot have rH- —u"R*u”’,
and so rHu’R*y”’. Thus GHu”R*u”’, and so R is well-defined. Obviously
we set O = O*/~. And setting

N = {u/~ :GHN*®u)},

we see that N is well-defined by an argument similar to that for R.
Next we must verify that:

(%) for any AeMKY, and any w,u’eU, if u~u" and GH A,
then GH-,A.

We will prove (#) by induction on the length of A. Let pe G be such that
pHu =u'; then u=u'eh(p). Moreover, let qeG be such that gH A,
and let reG be such that p, g <r. Then u =u’eh(r) and rH,A. Now if A
is atomic, then Aef (r,u); but by Definition 13.4(iia), f (r,u)=f(r,u),
so rH, A and hence GH, A. Next suppose that A is B. Since gH, B,
in light of 13.8(iii) and statements (1) and (2) of Lemma 13.7, not —q¢'H,B
for all ¢ €eG. Now by the induction hypothesis with the roles of u and v
interchanged, GH-, B implies GH,B, so we have not — GH-, B. Then
by Definition 13.8(iv), GH,1B. For the next case, let 4 be Vv &.
Then for some Be®, gH,B, so GH,B. Then by induction, GH, B,
and thus GH, A. Finally, suppose that A is ¢B. Then there must be a
uw”eU such that gHFuR*u” and gH,.B. Since u =1’ and uR*u” both
belong to Ah(r), there is an seP with r <s and u’'R*u”eh(s). Thus by
Lemma 13.7, sHu'R*u” and sH,.B, so that sH,. ¢ B. Thus we have shown
that if geG and gqH, OB, there is an se P with ¢ <s and sH, ¢B. By
Definition 13.8, there is a p’e G such that either pH,. ¢B or pH, 1 ¢B.
If the latter case were to hold, using 13.8(iii) there would be a ¢ = ¢, p’
with ¢ €G. Then by Lemma 13.7,

gH,oB and qH,—1 OB.

But by the remarks above, there must be an s = ¢’ with sH,. 0B, a con-
tradiction. Thus we must have p’H, 0B, and so GH, ¢B, which veri-
fies (#).
Now for keK, set
D¥=u{C*:(u/~)=k or (u/~)Rk},

and let |o7,| consist of all closed terms of L[D*]. Note that if keK here,
k = U, so we may write uck, etc. Define =, on |/, | by:
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a=,a iffforsome uek, GH,a=a".

By (#) and statement (1) of Lemma 13.7, this definition is independent
of the choice of u, so that =, is well-defined. Clearly KRk’ implies
|.«2,| = |, |. Next we show that if a is any closed term possibly involving
constants from |.«Z,| and uek, then

(# #) GH Ix[x=a].

From Definition 13.8, there is a pe G such that pH,a=a or pH,1a=a;
but the latter case cannot hold since it would contradict 13.4(iic). Con-
sequently, pH,a = a. Again by 13.8, there is a g€ G such that

gl 3x[x=a] or qgH,13x[x=a],

where we can assume that g = p holds. If the latter case held, then
Vg = q¥ceC*snot —gH c=a,

and so
Vg = q¥ceC¥s c=aéf(q, u),

contradicting requirement (iie) of Definition 13.4. Thus gl 3x[x = a],
and so GH,3x [x = a], verifying (# #).

To complete the definition of .«7,, set f,(a,,...,a,)=fa,...a, for any
function symbol f and a,, ..., a,e|.2,], and for predicate symbols p,
define

p(ay,....a,) ifffor some uek, GH p(a,,....a,).

One can see that p, is well-defined by an argument similar to that for =,.

Note that by definition, every keK is u® for some ue U where u® = u/~.
For any u and any ceC" set ¢™*=c where k = u™. Now let ae|.«/,|.
By (# #). GH,3x[x = a]. Let peG be such that pH,3x[x = a]. Then
for some ceC* pH,c=a, so GH,c=a. Hence ¢™*=,a and so U is
canonical.

To verify part (i) of Definition 13.11 in this case, we proceed by in-
duction on the length of E; the atomic case is immediate from the
definition of A. If Eis F v H, then:

b(WEF vH[v] iff b(WEF[v] or bAWEH[v]
iff GHF,, , [u,...u;] or GHH, , [us,....u,]
by induction
iff GH(F v H),, . [ug,...,u,] using13.8(iii).
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And if E is 1 F, then

b()EF[v] iff not—bREF[v]
iff not— GHF, , [u,...,u,]
iff YpeGwnot—pHF, , [u,...,u,].

Now if this latter holds, then by (13.8v), there is a qeG such that
gH—F,, . [us,...,u,], and so GHEF,,  , [u,,...,u,]. On the other
hand suppose that qeG and gH—F, , [uy,...,u,]. If peG and
pHF, . [u,...,u,], then using 13.8(iii), let p, g < reG. Then by (10) of
Lemma 13.7, rHbF,, , [u,....,u,], a contradiction and so

VpeGanot —pHF,, , [uy,....u,].
Finally, let E be 3wF. Then:

bE)EIWF[v] iff JueU » b)EF[v(x)]
iff JuelU s GHF,, . lug,....u,u] ‘
iff JueU3peGepHF, . WUy, ....u,u]
iff 3peGopH3IWF, ., [uy,....u,)
iff GHawF,, ., [uy,....,u,].

Finally, for part (ii) of Definition 13.11, we also proceed by induction on
the length of A. Again, the atomic case is immediate by definition of
A, while the cases for =1, v, and 3 are similar to those for part (i} above.
So consider the case where A is ©B. Then:

AR, oB[v] iff ueUw u"Ru¥&AEB[v]
iff Ju'eUs GHuR*w & GH B, . [ci,-..,¢,] byind,
iff IeU3peGe pHuR*yw &pH B, , [c1,....Cnl,

using 13.8(iii) and Lemma 13.7.1,

iff 3peGepH,B,, | [ci,....c,],
iff GH B, . [c1,....c.],

completing the theorem. Il

COROLLARY 13.13. Let peP and let E be a sentence of LB. Then
pH*E iff for every 2-generic U for p, b(A)FE.

Proof. Assume pH*E and let U be determined by G where G is 2-
generic for p. Then pH-— —E, so GH 1 11E; hence by the Theorem,
AL 7 E and so UERE. On the other hand, if not — pH-*E, then for
some q < p, gHF 1 A. Let A be #-generic for q; then A is also P-generic
for p. But AE 1 A, and the Corollary follows. l
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COROLLARY 13.14. Let peP and let A be a sentence of ML . Then
pH*A iff for every 2-generic U for p, if k = u”, then AK,A.
Proof. Similar to that of the preceding Corollary . ll

DEFINITION 13.15. Let S be a modal system which possesses a charac-
teristic set I'. A proto-forcing relation £ = (P, <, h,f ) is said to be an
S-forcing relation if for every sentence EeT', OH*E.

COROLLARY 13.16. Let S be a modal system possessing a characteristic
set I', and let 2 be an S-forcing relation. Then every2-generic structure 2
is an S-modal structure.

Proof. Immediate by Corollary 13.13. B



§14. FORCING AND MODEL COMPLETIONS

Let L be a language of fixed similarity type and let .# be a fixed class of
S-modal structures for ML. Let ¢ be a fixed set of formulas of ML,
which contains all atomic formulas and is closed under subformulas.
The S-forcing property 2 (4, ®) is described as follows. Let @ (C) be
the set of all sentences of MK, of the form A, . , [c;,...,c,] where
Ae® and ¢, ...,c,eC = u,C. The set P of conditions consists of all
pairs {a, p> meeting the following:

(i) aisa finite set of atomic sentences of LB[ U] ;

(i) p is a finite subset of &(C) x U ;

(iii) there exist a structure A=, K,R,O,N> in .# and maps
0:Uu{0O*}->Kandn:C x U— U(«) such that:

() for each ce C* and ue U U {O*}, n(c, u)e| o g4

(b) 5(0%)=0.

(c) for each formula B,, , [u;,...,u,] in o where B contains
no elements of U, we have b(AEB[d(u,),...,0(u,)].

(d) for each pair (A,,. ., [C1;-.-,Ca]u,» in p, we have

Wk smA[n(cy, u), ..., w(c,, u)].

We say that (é,n) satisfies (a,p> in U, and that {a, p) is satisfiable
inqU.

Define <o, p> <<{B,q> iff a = f and p = q. Let f ({a, p>) be the set of
atomic sentences in «, and for ue U, let h(<a, p), u) be the set of atomic
sentences A such that (A, u)ep.

In the case that @ consists precisely of all ¢3-formulas, we write 2(.#)
for the forcing condition 2(#, ®). If ./ is the class of all S-modal models
of the S-theory T, we say that U is T-generic iff A is P (A )-generic.

Now let {a,p) be a condition in the forcing property # (4, ®). An
arbitrary S-modal structure U (not necessarily an element of .#) is
said to be a model of <a, p) at w if there exists an interpretation u¥ in K
of the constants u of U, together with interpretations c* of the constants
ceC* in each || for u™ = keK such that each formula of « is valid in
b(A) and for each formula A of p, if k = u¥ then U, A, where the con-
stants ¢ of A are interpreted as ¢*. Let Ae ®(c). We will write {o, p>F,A
if every model of {a, p)> is model of A where the same interpretations of

92
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ceC are used for both p and A. We will say that Ae @(C) is consistent with
o, py at uif (o, pU{{A,u)}) is satisfiable in some S-modal structure
(not necessarily an element of .#).

LEMMA 14.1. Let <a, p)> be a condition in the forcing property 2 (4 , $)
and let Ae®(C). If {a, p>E,A, then (a, p>H}A, and if {a, p>H*A, then
A is consistent with <a, p)> at u.

Proof: We proceed by induction on the number of logical symbols in A.

Case 1. A is atomic. Then <o, ppHFA iff VB, g> = o, p)I{y,r>=
(B,4> [{A upyer]. Taking (B,q> = (ap), there is a (3,r>=(x, p)
with (A, u)er. But since {7y, r) is a condition, there is in fact an We.#
and interpretations in 2 witnessing that <y, r) is consistent and a fortiori,
that A is consistent with {«, p> at u. Now suppose that not — (o, p>H*A,
so that

3B, q) = (o, pYV Ly, 1> 2B gd [A udér].

By Lemma 13.7, there is a {y,r) = {f,q) such that { 7A,w)er. Since
{7, ¥y is a condition, there is an We.# which is a model of r, and therefore
also of 1A at w. But {a, p> < {y,r>, so U is also a model of {a, p> at u
and so by hypothesis, 2 is a model of A at u, a contradiction. Thus we
must have {a, p>H*A.

Case 2. A is 1B. Suppose <a,p>FE,7B and let (B, q)>=<a,p).
Then {8, g>kE,1B. Hence B is not consistent with {§, ¢> at u, and so by
induction, —1{B,g>H¥B. It follows that for some (y,r>=<{f,q),
{y,r>H,7B. Hence (a,ppH¥—B. Next assume that {a, ppH}—B
and { B, ) = {a, p>. Then (B, g )H¥ 1B, so =1 (B, ¢ >H¥B. By the above,
then = {(f, ¢>E,B, and since {f, ¢) is a condition, it follows that B is
consistent with { §, ¢) at u, and hence B is consistent with {a, p)> at u.

Case 3. Ais v ¥. Suppose that {o, p>F, v ¥.and let {f,q> =<a,p).
Then {B,q>F v ¥. Since {f,q) is satisfiable in .#, then for some
Be?, (B,r>={B,qu{{Bud}) is satisfiable in .#. Since Be &(C)
then {B,r> is a condition and {f,r> =<{B,q>. Since {B,r>E,B, then
by induction {f,r>H*B, and hence for some <{y,s> = <{B,r> = {B,q9>,
{v,syH,B, and so {y, s)H, v ¥. Hence {a, p>H} v ¥.

Now suppose that (o, pp>H} v ¥, so that for some {f,q> = {a,p),
(B,q¢>H,v¥ and hence for some Be¥, (B, g >H B, and therefore
{B,q>H!B. By induction, B is consistent with {f,g)> at u and since
{a, p> =P, qy,then Bis consistent with <a, p> atu.

Case 4. A 1s IxB. Suppose that {a, p>E,3xB and that (B, q> = {a, p).
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Then { B, ¢>E,3xB, so { B, qu {(3IxB, u) } ) is satisfiable in .#, and so for
some ceC, {B,r)=<{B,qu{{(B,[c],ud}) is satisfiable in .#. Since
B,[c]e ®(C), {B,r) is a condition and {B,r>={pf,q>. Clearly,
{B,r>EB[c], so by induction, {f,r)H}B,[c]. Thus there is {y,s) =
{B,r> = {B,q> = a,p) such that {y,s > H ,B,[c] and thus {y,s)H IxB.
Hence <o, p> H¥3xB.

Next suppose that (o, p>H¥3xB, so that there is a {(f,q) = {a,p)
such that {f,q>H,3xB, and so (B,q)H,B,[c] for some ceC;
S Bg>H¥B,[c]. Then by induction, B,[c] is consistent with {B,q)
at u, so, since {a,p> < (B,q>, IxB is consistent with <{a,p) at u.

Case 5. Let A be OB. Suppose that {a, p> [, ©Band that<{ §, ¢> = <a, p).
Then < B, ¢>E, OB, so that {f,qu {{ OB, u)} ) is satisfiable in .#. Then
for some w'eU, {y,r) =<{Bu{uR*}, qu{(B,u')}) is satisfiable in
M. Since Be ®(C) and uR*u' e LB[U], <y, r) is a condition, and we have
{y,r> =< B,q>. Clearly {y,r)F,B, so that by induction {y,r)>H*B.
Thus for some <4,s) =<y, r), {o,s)H,B; since uR*w'ey <4, then
{6, s)H,B, and hence {a, p>H}B.

Now suppose that <{a, p>)H¥ 0B, so that for some {f,¢q> =<a, p),
{B, q)H, OB. Then there is a '€ U with uR*« € § such that {8, ¢>H B,
and hence (f,q>H¥B. Then by induction, B is consistent with {f,q)
at u'; since uR*u ep, it follows that OB is consistent with {f, g) at u,
and since (&, p> = (B, q>, then OB is consistent with {a, p> at u. l

DEFINITION 14.2. Let @ be a fixed set of formulas of ML, which
contains all atomic formulas and is closed under subformulas. A formula
A is a [OV v O3-formula over @ if it is of the form

0%, ...Vx,, V. 03y, ... 3y, [B,; A... AB, ],

where each B; ; belongs to @ and s, t, = 0.

THEOREM 14.3. Let ./ be a class of S-modal models for ML, and let
A = ['vx,...Vx,B be a [JV Vv ¢3-sentence over @. Then A holds in all
P (M, D)-generic structures iff for every s-tuple {u,,...,u,yeU’, every
m-tuple e C™, every finite set p = ¢(C), and every finite set « of sentences
of LB[U], if (e u {u;Ru;,,:1 <i<s},p) is satisfiable in .#, then

o {uRu;yq:1=<i<sh, pu{<Bg[c],u})

is satisfiable in .#.
Proof: We construct a chain of equivalences. Let B be
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Jn
VvV ondy ...y, V D,
n<w jn=1

(1) A holds in all (., ®)-generic structures.

(2) For all <uy,...,u>eU*® and all ceC™ if U={,K,R, O N>
is any #(.#, ®)-generic model, if F, holds in <K,R, O,N) where F,
is O*R*u; &u R*u; A ... Aug_R*ug, and if k = u¥, then AE,B[¢].

(3) For all {uy,...,u,yeU* and ¢eC™, if {¢,¢ >H*uRu;,, for 1 <
i < s, then (¢, ¢>H* B[c]

(4) For all <uy,...u;»eU* and ¢eC™, and for all conditions {a, p>
of (M, D), if (0w {uR*u;,,:1=<i<s},p)isa condition, there exist
<[3 g ={a,py, an n<aw, {uy,...,u, yeU"™ and deC™ such that
uR*u;,  eBfor 1 <s<t, uR*u ep, and for all | with 1 <[ <, and for
all{y,r> = <B qy,thereisa {4, s) = (y,r) such that (3, s)H,D, ,[c, d]
wherew' =u/, .

(5) For all {uy,...,u;yeU* and ¢eC™, and all conditions {a,p) of
P(M, D), if (au{uR*u;,,:1<i<s},p) is a condition, there exist
n<w, {uy,...,u, ye U™ and deC™ such that

(o {uR*u 1 <i<spo{uR*\ } O {uR* . 1Si<t,},
pu{{D, [c.d],uy:1<I<j}>

is a condition.
(6) For all <(uy,...,u;yeU* and ¢eC™, and all conditions {a, p> of
P(M, D), if (v {uR*u,q:1=<i<s},p) is satisfiable in .#, then

Cau{uR*uy 11 <i<s), pu{(B[c]l,up}>

is satisfiable in .# .

All of the equivalences except (4) —(5) follow easily from the definitions,
Lemma 13.7, and Corollary 13.14. For the equivalence (4)<—(5), we
proceed as follows.

(5)— 4): Let {uy,...,u»eU® and ceC™ and let {au{uR*u;,,:
1 <i<s},p) bea condition of (4, ®). Let {B,q) be the condition de-
scribed by (5). Then (8,9 )F,D,. l[c d], where u = u, , for 1 <1<j, Then
by Lemma 14.1, (8,q)>H#*D, ,[c.d] for 1 <I<j,, and this is the con-
clusion of (4), as desired.

(M—(5): Let <uy,...,u;peUs let ceC™, and let (au {u;Ru; ,:
1 <i<s},p)beacondition of 2(#, ). Let {B,q), n, {u', ..., u; YeU™,
and de C™ be as described in (4). According to (4), for each [ with 1 <
1< ju B, ¢OHXD, [ d] u=u, . By our definition of conditions in
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P (M, D), there must be an We.# and maps 6 and = such that {6, n)
satisfies (B, ¢> in A. Let 1 <! =<j, and suppose that in fact {4, n) satisfied

(Br>={B,qu{{D, [c,d],up}>

in . Then {B,r) would be a condition with {,r)> = (B, ¢)>. Clearly
(B, ryE., 1D, [c, d] and so by Lemma 14.1,

{B, r>H’*—|D,,,[c d]

Thus there is a (y,s) =2 {B,r)> = (B, > such that {y, s)H, 1 D, ,[c d)
which contradicts {8, ¢)H¥D,, [e, d]. Thus we must have that {4, )
satisfies {8, qu{(Dn,,[c d],uy}) in U, and so (5) follows. W

DEFINITION 14.4. If T is an S-theory all of whose nonlogical axioms
are [V v ¢3-sentences over @, then T is called a OOV v ©¢3-P-theory. If
M is the class of all S-modal models of such a theory T, then .# is called
a [V v ¢3-class over ®.

COROLLARY 14.5.If # isa [V v ¢3-class over &, then every (4, ¢)-
generic structure belongs to .#.

Proof: Let .4 be the class of all models of T where T isa [V v 03- @-
theory, let A = O'x,...Vx,B be a nonlogical axiom of T, and let
{a, p> be a condition in P (A, P). Let Be.# be such that {a,p) is
satisfiable in B. Since BE A, then for any {u,,...,u,»ye U* and any ¢ce C™,

(B, g =<au{uR*u;, :1<i<s}, pu{<KB[c],u>}>

is satisfiable in B, and so { B, q) is satisfiable in .#. Hence by Theorem
14.3, A is true in all (4, ®)-generic structures. Since A was an arbitrary
nonlogical axiom of T, every #(.#, ®)-generic structure is a model of
T and hence belongs to .. B

Our next result partially extends Theorem 4.2 of Robinson (1970) to
the present context.

THEOREM 14.5. Let T be an S-modal theory which is countable, S-
consistent and possesses a model completion T*, and assume that T*
is equivalent in S to a theory T’ all of whose axioms are of the form
*vx; ... Vx,,A, where A is a ¢3-formula. Then every T-generic structure
is a model of T*.

Proof: Let [I'Vx,...Vx,A be a nonlogical axiom of T’, let .# be the
class of all S-modal models of T, let u,, ..., u,e U*, and let ce C™. Let «
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be a finite set of basic sentences of LB[U], let p = &(C) be finite, where &
is the set of ¢3-formulas of ML(T) and assume that the pair {a, p) is
satisfiable at O in Me.# ,say by {4, n). Since We.# ,then W is an S-modal
model of T. Then there exists an extension B of A which belongs to .#
and is an S-modal model of T*. Since a consists of basic sentences and
p< ®(0), it follows by Lemma 9.3 that {4, =) satisfies {a,p) in B.
Assume that {(J,n) satisfies (xu{uwRu;;,:1<i<s},p) at O. Since
T’ and T* are equivalent in S, then F3. [J*Vx, ... Vx,,A and so it follows
that [I°Vx, ... Vx,,A is valid in B. Consequently, {J, ) satisfies

Cov{uRuy 1 <i<sh, (px{O*})u{Ag[c],u}>

in B. Then by Theorem 14.3, it follows that A holds in every T-generic
structure. Since T’ and T* are equivalent in S, the result follows. Il

It is not clear how to remove the restriction on T* in Theorem 14.5.
If the restriction in Theorem 9.3 that I" be closed under conjunction could
be removed, then the proof of Theorem 10.6 could be modified to show
that every inductive S-theory would be equivalent in S to an S-theory
all of whose nonlogical axioms were of the form [J°Vx,...Vx,A, where
A is a ¢3-formula. Since any model completion T* of T is easily seen
to be inductive, then T* would automatically meet the restriction of
Theorem 14.5.



§15. OMITTING TYPES AND
A TWO-CARDINAL THEOREM

Our theorem on omitting types, like Keisler’s, follows immediately
from our foregoing work.

OMITTING TYPES THEOREM (15.1).* Let .# be a OV v ¢3-class
over @ and let A,= [OJ"Vx,...Vx, B" be a countable sequence of
v v ¢3-sentences over ¢. Suppose that for each n, each
{uy, ..., uy, e U™, each finite p< @(C) x U, and each finite set o of
sentences of LB[U], if (au {uR*u;,,:1=<i<s,},p) is satisfiable in
M, then for each m,tuple ceC™, {au {uR*u :1<i<s,},
pu {<(Bi[c],u, >} is satisfiable in .#. Then .# contains a countable
structure in which each A, holds.

Proof. We can assume that the fragment ML, is large enough to con-
tain each A,. Let A be a (A, ®)-generic structure. Then 2 is countable.
By Theorem 14.3, each A, holds in U, and by Corollary 14.5, U belongs
toz. &

The notion of direct system and limit presented in Bowen (1975) is the
natural extension of the classical one and the theorems stated there
for it are correct. However, it is inadequate for the applications of
ultralimit constructions made earlier since it requires commutativity
with respect to absolute identity, while our ultrapower constructions
only guarantee commutativity with respect to the equivalence relations
=,. Thus we had to introduce the direct limit notion of §8. However,
when one is only interested in building single direct systems instead
of pairs of systems with commuting ‘cross-over’ maps, the original
notion of Bowen (1975) works quite well, and in fact seems to be the
only available notion for systems containing limit points since it is not
clear that the construction of §8 can be extended to more general sys-
tems. Thus in the remainder of this section, our notion of direct limit
will be that of Bowen (1975).

* Related results were obtained by Mortimer (1974).

98
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THEOREM 15.2. Let T be an S-theory in the countable language ML
and suppose that ML possesses a unary predicate Z(x). Moreover,
suppose that T possesses an S-modal model A = {(/,, K, R, O, N> such
that

No <card(Z,,) < card(|«/,|).

Then T possesses an S-modal model B =<{4%,,L,S,P,M) such that
A =B, card(Z,) = N, and card(|Bp|) = N;.

Proof. Let Card(Z,) = 4; a simple application of the first form of
the Downward Lowenheim—-Skolem Theorem (5.1) shows that we may
assume that card(|/o|) = A*. Now add a new binary predicate symbol
< to ML. Let W = (¥, K, R, O, N> where &/} = (,,< ,), < o Well-
orders || in order type A", and for ORK, if ac|«/¢| and be|oZ,| — | o],
then a <, b. Again using Theorem 5.1, let € = (%, K, R, O, N> be such
that \(60| is countable and id: € - W is an elementary embedding, €
being a structure for ML’ = ML + {<}.

Let ML” be obtained from ML’ by adding names i, for each a€|%
and let ML* be obtained from ML” by adding one new individual con-
stant d. Extend € to a structure for ML” by giving the natural definitions
(i,)¢, = a. Next let T” be the S-theory with language ML * such that the
nonlogical axioms of T’ consist of all sentences of ML” which are true
in € together with all sentences of the form i, <d for ae|(€o|. Then the
following is immediately clear:

(*) Let ¢(d) be a sentence. Then T’ U{¢(d)} is consistent iff for arbi-
trarily large a in || in the sense of <o, €CFo¢(a).

For each ae|%,|, let @,(x) be the formula —1x <i, V V,qg0,X = iy,
so that Vxg,(x) is equivalent to

Vx[x< ia—' V,,E|<go|x= lb]

Now let @ consist of all formulas of ML¥, so that each Vxg,(x) is
a OV v ¢3-sentence over &. Let .4 consist of all S-modal models of
T’; then # is OV v ¢3-class over &. Suppose that p= &(C) x U is
finite, « is a finite set of sentences of LB[U], and (a, p) is satisfiable in
M. Let ceC and ae|%o|. By (*), ¢,(d) is consistent with T, and so it
follows that {(a, pu{{p.(c),0>}> is satisfiable in .#. Hence by the
Omitting Types Theorem, T’ has a countable model " in which each
@, holds at the distinguished world. Clearly © = € = . Hence by Theo-
rem 7.1 there exists an ultrapower D of D" and an elementary embedding
g €S3D. Nowlet D=<(2,,M,T,Q,Y)>and D' =<(Z,, M, T,Q, Y.
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Note that since g is elementary, for a€|€,

0

g(@) = 9((..)°) = (i) > = (ic)aq-

Moreover, the canonical embedding e: D — D is elementary. Let § =
(FuMT,Q,Y), where Fo=¢[Z4] and for m#Q, ¥,=9,. It
follows that g: @5 %. Moreover, since each ¢, contains no modal
operators,

D' o Vx0a(X) 4> D V20, (x) = & Fo¥x0,(x).

Now since in U, Z_,, has cardinality <Ai* = card(|«/,
AkoIyVx[Z(x) > x < y]

because A is regular and < ¢ well-orders |.2/| in type 2* (cf. Jech (1971),
pp. 11 and 17). Since € = 2, it follows that there is an ae|%| such that

CroVx[Z(x) > x <1i,],

), it follows that

and so
& EoVx[Z(x) - x < i,].

Since Vx@,(x) holds in & at Q, it follows that Z g, = g"Z¢,. Thus we
have that:

g:€58, Zg=9gZs, and card(|Fq4|) =N,.

Now iterate this construction w, times, taking direct limits at limit
points as indicated below:
A B

ngom 8-1_>—> &.— gm+1—>---a‘l_ir_al’)lI Fa

Taking the direct limit of the entire system, we obtain an S-modal struc-
ture B = (4,,L'S,P,X> and a map h such that:

h:€58, Zg =hZg, and card(|%p))=N,.

Then card(Z4,) = card(Z¢, ) = Ny, and since € = U, then B =UA com-
pleting the proof. W
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SEMANTIC TABLEAUX METHODS

In attempting to demonstrate the semantic completeness of any system
of logic, one seeks to show that for any formula A of the system, either
A is not valid (in the appropriate sense) or else there is a suitable deriva-
tion of A. The methods of Beth (1955, 1956), Beth and Nieland (1965),
and Hintikka (1961) approach this disjunction as follows. Loosely speak-
ing, given A, one attempts to ‘construct or produce’ a counter-model
of A in a systematic manner. If this attempt succeeds, well and good:
A is not valid. And if the attempt fails, the nature of the construction
is such that, with a bit more work, the ‘failed construction’ can be con-
verted into a derivation of A. Finally, one observes that if there exists
any counter-model to A at all, the construction must succeed in produc-
ing one such, thus establishing the disjunction. Since this disjunction
is exclusive, it is often expressed:

(Al) A is valid iff A is derivable.

Given a notion of a theory, this is usually extended to:

(A2) A is valid in all models of T
iff A is derivable in T.

If the system of logic extends classical logic (as do the systems we have
considered), this is equivalent to:
(A3) T + {71A} has a model
iff A is not derivable in T.

Finally, taking A to be B& —1B, we obtain the Henkin form of com-
pleteness:

(A4) T has a model iff T is consistent.
Returning to (A1), the implication
(A5) if A is derivable, then A is valid
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is just what we called the Consistency Lemma in §3, and is established
by an induction on the complexity of the derivation of A. The semantic
tableaux construction is concerned with the converse of (AS) which, as
we indicated above, can be expressed in the form:

(A6) either A is not valid or A is derivable.

The semantic tableaux method begins by providing a systematic method
for attempting to obtain a model in which A is false, where A can be any
given formula. To begin by example, let A be the classical formula

(A7) p(@—q(c) v p(f(c)).

If o/ is a classical structure in which (A7) is to be false, then p(c) is to
be true in o/, while g(c) v 1p(f(c)) must be false in /. For the latter,
it must be the case that both g(c) and —1p(f(c)) are false in .«7. And for
—1p(f(c)) to be false in & it must be that p(f(c)) is true in o/ Figure A1l
schematically displays this reasoning. Each stage of the argument is
numbered and at each stage, the formulas required to be true are pre-
sented on the left of the vertical bar, while those on the right are to be
false.

0 B p(c) > q(c) v p(f ()
1 p(c) M q(c) v T1p(f ()
2 p(c) M q(c),1p(f(c)
3 p(c), p(f(c)) M g(c)
Fig. AL

Stage 3 presents atomic requirements on &/ which are necessary and
sufficient to guarantee the falsity of (A7) in /. Examination of these
requirements shows that we can take the universe || to consist of the
concrete symbol ¢ alone, and specify that f,(c) is ¢, py(c) holds and
q.(c) fails. More generally we could set:

|| = {c. S, S (SN S (S SO}
feu(t)=f(t)for any te|o
P«(t) iff p(t) occurs on the left of stage 3,

)

(A8)

q.(t) iff g(t) occurs on the left of stage 3.
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Consider another classical example, in this case letting A be
(A9 ple)—4(c) A p(o).

Proceeding as above, for (A9) to be false in o/, p(c) must be true in .o/
while g(c) A p(c) must be false in o7, For this latter, either g(c) must be
false in ./ or p(c) must be false in .. A schematic version of this reason-
ing is presented in Figure A2.

0 B p(0)-4gl) Aple)

1 plc) ‘l q(c) A p(c)

2 plc) W yg(c) p(c) M p(c)
Fig. A2.

The two alternatives indicated at stage 2 in this figure reflect the ob-
servation that the conditions at stage 1 can be realized if either of the
sets of conditions at stage 2 could be realized. The right-hand set, that
p(c) be both true and false in the structure, of course cannot be realized.
But the left-hand set is realized in the structure .« with || = {¢} and
pu(c)=Tand g,(c)=F. ‘

For our next classical example, let A be the formula

(A10)  (p—-@Anr)—>(p—9q.

Then the required reasoning is summarized in Figure A3.

0 (- an)-(p—a
! p—»(qAr)lleq

2 p—gan,p B

3 pMgp panrillg

4

p.g.r Mg
Fig. A3.

Since neither of the two terminal sets of conditions can be realized in
any structure, there can be no structure in which (A10) is false, and
consequently (A10) is valid. In this what is required is that a proof of
(A10) be extracted from Figure A3. The details of this proof would of
course depend upon the choice of formal system.
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For the final classical example, let
(All) a;,a,, ...

be an enumeration of all the terms of the language, and let A be
(A12)  VYx[F(x)> G(x)]— » 3IxF(x) - IxG(x).

Figure A4 schematizes the required reasoning for this case. The associ-
ated reasoning proceeds as follows. In order for (A12) to be false as
indicated at stage 0, Vx[F(x) > G(x)] must be true and IxF(x)— IxG(x)
must be false (stage 1). This requires that 3xF(x) and Vx[F(x) - G(x)]
both be true and 3xG(x) be false (stage 2). In order for IxF(x) to be true
there must be some entity in the model of which F is true. Let y be a
variable not yet appearing in the conditions at stage 2; y will be used
to represent such an entity. Then the conditions of stage 2 require that
F(y) and Vx[F(x) - G(x)] both be true, and that 3xG(x) be false (stage 3).
The requirement that 3xG(x) be false entails that G(a;) be false for i =
1,2,... (stage 4). And the requirement that Vx[F(x)—>G(x)] be true
entails that F(a;) - G(a;) be true for i=1,2,... (stage 5). The require-
ment that F(a;) - G(a,) be true entails that either G(a;) be true, as
on the left of stage 6, or F(a,) be false, on the right of stage 6. But the
left-hand set of conditions of stage 6 requires that G(a,) be simultaneous-
ly true and false and so it is no longer considered. Acting on the right-hand
set of conditions of stage 6, the requirement that F(a,)— G(a,) be true
entails that either G(a,) be true, as on the left of stage 7, or that F(a,)
be false. Again, the left side of stage 7 requires that G(a,) be both true
and false, so consideration of this set of requirements is dropped and
consideration proceeds with the right-hand side of stage 7. Proceeding
in this way, a stage 5+ n — 1 is eventually encountered for which a, is
the variable y. Acting on the right-hand set of requirements of stage
54 n— 1, the requirement that F(a,) - G(a,) be true entails that either
G(a,) be true, as on the left of stage 5 + n, or that F(a,) be false, as on
the right of stage 5+ n. As before, the left side of stage 5 + n requires
that G(a,) be both true and false and so can no longer be considered.
But now, since a, is y, the right side of stage 5 + n requires that F(y)
be both true and false, and so consideration if it also terminates. Thus
the tableaux procedure will fail to produce a counter-model to (A12),
and a proof of (A12) must be extracted.

To formalize these considerations, assume that the underlying lan-
guage L is countable and that there is available an inexhaustible supply
of individual constants. A (well-founded) tree is a set N of nodes together
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with a partial ordering T of N such that for each se N, the set {re N:
rTs} =T"{s} is well-ordered by T. All trees will have a first element;
ie, a unique neN such that {seN:sTn&s # n} =0. The level of an
element seN, level (s), is the order-type of T”{s} (cf. Jech (1971), pp.
911f.). A classical tableaux system is a tree (N, T) together with a function
J defined on N such that the following conditions are satisfied:

(A13)  for each se N, J (s) is an ordered pair of sets of formulas
(7 ()07 (5)1)-

(A14)  if level (s) is the successor of level (r) and rTs, then 7 (s) is
obtained by applying one of the tableaux rules listed below
to one of the formulas in 7 (r), or by applying the introduc-
tion rule to 7 (r).

A branch in a tree (N, T) is subset B = N which is linearly ordered by
T and which is maximal with this property; ie., if B< B <N and
B’ is linearly ordered by T, then B =B’. A branch B passes through s
if seB. The tableau rules are as follows.

NL If 1A occurs in 7 (s)y, let t be the only immediate successor
of s under T, let 7 (t)y = 7 (s)p and 7 (t); = 7 (s); W {A} (‘put A in the
right column’).

Nr. If 71A occurs in J (s), let ¢t be the only immediate successor of
s under T, let T (t)o =T (s)ou{A} and T (t); =7 (s); (‘put A in the
left column’).

DIl. If A v B occurs in 7 (s),, let t and u be the immediate successors
of s under T, let 7 (t)o = 7 (s)o v {A}, T ()g = 7 () v {B}, and I (¢), =
T (u); = 7 (s); (‘start two alternative tableaux, one with A in the left,
the other with B on the left’).

Dr. If A v B occurs in J (s);, let ¢ be the immediate successor of s
under T, let 7 (t), = 7 (s), and I (t); = 7 (s); U {A, B} (‘put both A and
B in the right column’).

El. If 3vA occurs in Z (s),, let t be the immediate successor of s
under T, let ¢ be a new individual constant not occurring in either
T (s)y or T (s);, and let T (t)g =T (s)o {Ay[c]} and T (t); =T (s);
(‘put Ay[c] in the left column’).

Er. If 3vA occurs in 7 (s),, let t be the immediate successor of s
under T, let X be the set of all closed terms appearing in either J (s),
or 7 (s);,and let 7 (t), = 7 (s)o and

T (1), = T (), {Av[b]:beX)
(‘put each Ay[b] in the right column’).
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El*. Let Z be the set of formulas of the form 3vA which occur in
T (s)o, and for each IvA in Z, let ¢;y, be a distinct new individual con-
stant not occurring in 7 (s). Let ¢ be the (unique) immediate successor
of sunder T. Then 7 (1), = 7 (s), and

T (=T (s)ouU{Av[cval: VA€ Z}.

(‘for each 3vA in the left column, put Ay[cgy,] in the left column’).

Er*. Let Z be the set of formulas of the form 3vA which occur in
J (s); and let Tm, be the set of all closed terms occurring in any formula
in 7 (s). Let t be the (unique) immediate successor of s under t. Then
T (t)g =T (s)o and

T (), =T (s), U {Ay[b]: VA € Z&b € Tm,}.

(‘for each 3vA in the right column and each be Tm,, put Ay[b] in the
right column’).

If B is a branch in the tableaux system (N, T), define lim(B) to be the
ordered pair (I'(B), 4(B)) where

(A15)  I'(B)= U T (s)o,

seB
and AB)= U T (s); -
seB
For any A occurring in I'(B)uU 4(*B), define

(A16)  ht(B, A) = the least « such that there is an seB of level
and A€ 7 (s)oUT (5);.

Note that the following always holds:
(A17)  uTvand A € 7 (u);implies A e J (v);fori=0, 1.
For any branch B, define
(A18)  U(B)={b:bis a closed term occurring in I'(B)u 4(B)}.

A branch B is said to be closed if there is an s€ B such that 7 (s)o N
T (s); # 0. By (A17) this is equivalent to saying

[(B)nA(B)+0.

A tableaux system is said to be closed if each of its branches is closed.
The remaining requirements on a classical tableaux system may now
be expressed by:
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(A19)  for each s N, for each non-closed branch 8B in (N, T) through
s and for each amenable formula A in 7 (s), there exist nodes
u,v,eB with sTu such that level (v) is the successor of level (u)
and 7 (v) is obtained from 7 (u) by application of the ap-
propriate tableau rule or the Intro rule to formulas in J (u)
which include A.

A formula is said to be amenable if its outermost logical operator is one
of v, 7, or 3. (Recall that in principle these are the only operators
apart from ¢.)

(A20) if B is any branch in (N,T), if s€ B, and if IvAeJ (s),, then
for all ueB there exists a we B with uTw and the (single)
immediate successor of w is obtained by application of the
tableau rule Er to 3vA.

(A21)  Let EQ be the set of all universal closures of identity and
equality axioms for the language at hand. If se N and the
level of S is O, then EQ < 7 (s),.

If S is a system of logic (classical or modal) and (I', 4) is a pair of sets
of formulas, we say that (I, 4) is S-inconsistent if there are A,, ..., A, el
such that:

there are B, ..., B, € 4 such that

(A22) FSA, A...AA,>B,V..VB,, ifd4+,
or
(A23)  FST(A; A ... AA,). if4=0.

We say that (I, 4) is S-consistent if it is not S-inconsistent.

Finally, the introduction rule (schema) is as follows:
Intro. If A is a formula which does not occur in J (s), there are two
immediate successors, u and t, of s under T, and:

T Wo=7 () {A},T W=7 (s)y,
T (v)o =T ()0, 7 (v): =T (s) V{A}.

LEMMA A24. Let (N, T, 7)) be a classical tableaux system and let s e N.
If 7 (s) is S-consistent, then for at least one of the immediate successors
of s under T, say t,  (t) is S-consistent.

Proof. The proof proceeds by cases, according to the rule used. Con-
sider two examples. Suppose the rule was DI and that the two immediate
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successors of s are t and u, the formula dealt with in the rule is A v B,
and that .7 (1) and J (u) are both inconsistent. Then there exist C,, ..., C,,,
Ci,...,C,eT(8)pand Dy, ...,D,, D}, ..., Dje T (s); such that

FAAC, A...AC,-»D,Vv..VD,
and
FBAC, A...AC,—»D] Vv ... VvDj,

where if 7 (s); =0, then n=I/=1and D, =D} =Vx[x=x A 1x=x].
Let Cbe C,A... AC,ACi;A...AC,and let D be Dy A... AD, A
D] A ... A Dj. Itfollows that

FSAAC->D and FBAC-D,
so that
F(AvB)AC-D.

Since A v Be 7 (s)g, 7 (s) is S-inconsistent.

For the second example, let the rule be Intro, say as described. Then
as above, if 7 (u) and 7 (v) are both S-inconsistent, there is a formula
C which is a conjunction of formulas in .7 (s)y, and there is a formula
D which is a disjunction of formulas in .7 (s), such that

HAAC-D and FC->D VA.

But from this it follows tautologically that FSC— D, and so J (s) is
S-inconsistent. The other cases are treated similarly. H

COROLLARY A2S5. If s is the unique node of level 0 in (N, T, 7)) and
T (s) is S-consistent, then there is a branch B in (N, T) such that (I"(B),
4(B)) is S-consistent.

Proof. Define H recursively on w by H(0) = s, and if H(n) is defined
so that 7 (H(n)) is S-consistent, then H(n + 1) is any immediate succes-
sor of s under T such that 7 (H(n + 1)) is S-consistent; that such exists
is guaranteed by Lemma A25. Then rng(H) = {H(n): n € w} is the desired
branch B, since it is obvious that a union of an ascending sequence
(cf. A17) of S-consistent pairs is also S-consistent. Wl

DEFINITION A26. Let B be a branch in a classical tableaux system
(N,T,Z) such that (I'(B), 4(B)) is S-consistent. Define the canonical
classical structure of = o/ (B) for B as follows:
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|o#| is the set of closed terms occurring in I'(B) U 4(B);
f,(,,...,a,)isf(a,,...,a,)fora,,..., a,¢e||

P.(ay,...,a,) holdsiffp(a,, ...,a,)e I'(B)fora,,...,a,€|o/|;
= y4(a,b) holds iffa=be I'('B).

LEMMA A27. Let (N, T, 7) and B be as in (A21). Let A be any closed
classical formula (i.e., has no occurrences of ¢) occurring in I'(B)u 4(B).
Then

AL (B)EA iff Ael(B).

Proof. We proceed by induction on the complexity of A. For atomic
A the result holds by definition. Suppose now that A is IvC. If o7 (B) IvC,
then for some ae|«/(B)|, o/ (B)=C,[a]. Since a is a closed term, by
(A19), C, [a] occurs in I'(B) U 4(B), and so by induction, C, [a]el (B).
Suppose IvC ¢ I'(B). Then by (A19), 3vC € 4(B) and so by (A20), Er is
applied at some node t € B yielding u e B with C,[a] € 7 (u). But then
(I'(B),4(B)) is S-inconsistent. Hence we must have IvC € I'(B). Con-
versely, if IvC e I'(B), by (A19), Dl is applied to IvC at some node s € B,
yielding a node t€ B with C,[c]e T (t), = I'(B) for some individual
constant ¢. Since ¢ € |#/(B)|, then by induction «/(B)kC,[c], and so
o/ (B)EIvC. The other cases are similar. Il

Obviously if B is a closed branch, then (I'(B),4(B)) is S-inconsistent.
Consequently if (N, T, ) is a classical tableaux system such that 7 (s)
is S-consistent where s is of level 0, then in (N, T, ") there is a branch
B which is not closed and <7 (8B) makes all formulas in 7 (s), true and all
formulas in 7 (s), false. Let us say that (N, T, ) is for (I',4) if 7 (s) =
(', 4) where se N is the unique node of level 0. To complete the proof
of the classical Henkin theorem we need only show that given any S-
consistent (I', 4), there exists a classical tableaux system for (I', 4).

LEMMA A28. Let (I, 4) be an S-consistent pair. Then there exists a
classical tableaux system (N, T, ) for (I', 4) which contains a branch
B such that (I'(*B),4(B)) is S-consistent.

Proof. First consider the case in which the underlying language L is
countable. Then not only is it possible to enumerate the formulas of
of L in an w-sequence, but much in the manner of Cantor’s enumeration
of the rationals, it is possible to interleave N, copies of such an enumera-
tion to produce an enumeration.

(A29) A, Aq, . Ay, n<o
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such that every formula of L occurs N, times in this enumeration. Now
we define the tableaux system in stages, as follows.

Stage 0. The unique se N of level 0 is such that 7 (s) = (I', 4).

Stage n+ 1,n=0. A node s which has been placed in N by the end
of stage n is said to be active if s has no successors under T at the end
of stage n, and 7 (s)y N (s); = . At stage n+ 1, consider each active
node s already placed in N. If formula A, of (A29) occurs in 7 (s), apply
the appropriate tableau rule to A,, placing the required nodes into N.
If A, does not occur in J (s), apply the Intro rule to A,, again placing
the required nodes into N.

It is now a routine computation to verify that the system (N,T,J)
constructed at the end of ¥, stages is indeed a classical tableaux system
for (I, 4).

To deal with the case of uncountable languages, we extend this con-
struction in the most natural manner. Suppose that L is of cardinality
. Then since k* =k, it is possible to enumerate the formulas of L in
a sequence

(A30)  Ag Ay, . A, ..., 0<K

such that each formula of L occurs x times in this sequence.

One then constructs (N, T, ) by stages just as before, with the addi-
tional case:

Stage o, o a limit ordinal. For each sequence h:a— N such that the
level of h(B) is B for B < o, there is to be a node y,e N of level « which
is the successor under T of all the () for B < a, and such that

(A31) T (yp)i=Y T (P)fori=0,1.

B<a

From (A31) it is easy to see that if 7 (f) is S-consistent for all § <a,
then J (y,) is S-consistent. Again, it is a routine computation that
(N, T, )is now as desired. H

THEOREM A32. If T is an S-consistent theory, there exists a classical
structure which is a model of the theory

Tess = {A: Aisclassical &F1A}.

Proof. By hypothesis, (T, ) is an S-consistent pair. The result now
follows by Lemmas A28 and A27. W

Now we must extend the methods to the modal portion of our language.
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DEFINITION A33. A modal tableaux system is a collection K of clas-
sical tableaux systems together with a relation R, a subcollection Q,
and a distinguished element O € K. The relation R may hold between
nodes of various tableaux in various of the classical systems in the col-
lection R, but carries the restriction that if rBs, then s is the unique
top-most node (ie., node of level 0) of some classical tableaux system
in the collection. And finally, for each classical tableaux system in K,
it is required that if s is the topmost node of that classical system, then
rRs for some node of some other classical tableaux system, and that s
can be obtained from r by applying one of the (appropriate) tableaux
rules for ©. '

The tableaux rules listed thus far concern the classical system of logic
common to all of the modal systems considered in this book. Thus the
same tableaux rules for the classical operators are used for all the
systems. However, since it is the manner in which they treat the modal
operator ¢ which distinguishes the various modal systems, one is not
surprised that the tableaux rules for ¢ vary according to the system under
consideration. Fortunately most can be fit into the following general
schemata: o

Schema ML. If se K — Q, if A occurs in 7 (s), (‘on the left’), and
possibly some other conditions are satisfied, then there must be (‘intro-
duced’) some other classical tableaux systems in K at least one of which
is in K — Q and having topmost nodes u, v, ..., and 7 ();, 7 (¢),, ... may
‘initially’ be @, and J (u)y,7 (v)o,... contain A and possibly ¢A. For
each of these (new) nodes, sRu, sRv, ... holds, and some of u, v, ... may
belong to Q. (For some systems one considers not just a single A,
but a sequence OA, ..., OA,.)

Schema Mr. If ¢A occurs in J (s), (‘on the right’), possibly some
other conditions are satisfied, and the classical tableaux system contain-
ing s does not belong to Q, then for each u such that sRu and possibly
some other conditions are satisfied, A, and possibly ¢A, must occur in
J (u), (‘are put on the right of v’).

The following requirements must also be imposed:

(A34) If the classical tableaux system (N,T,J) belongs to K, if
s,te N, if sTt, and if sRu for some u (somewhere in K), then
tRu; and if (N, T, 7)) belong to Q, then applications of the
Intro rule are restricted so that if the formula A is of the form
OB, s has only the successor u defined by 7 (u)y = 7 (s)o U {A},
T W)y =T ().
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Fig. A5.

Figure A5 schematically portrays a modal tableaux system. Just as
each branch of a classical structure potentially determines a classical
structure, the classical tableaux systems in K are potentially world-points
in a Kripke structure; the associated classical structure at each such
world-point will be an .2/ (B) where B is a branch in the classical system
making up that world-point.

DEFINITION A35. Given a modal tableaux system .4, a branch system
in 4 is a collection £ of branches lying in some of the classical tableaux
systems in such that:

(0.1) Each classical tableaux system in .#" contributes at most one
branch to 4;

(0.2) O contributes a branch to #;

(0.3) If B e 4, if se B, and if sRt where t is the topmost node of € € A~
then % contributes a branch to 4 ;

(0.4) If B € 4, then there exists a sequence B, ..., B, of elements of
# such that B, =0 and B, =B such that for 0 <i <[, there is an
seB,;_, with sRt where ¢ is the topmost node of B;.

LEMMA A36. Given any BeO, there exists a branch system % in %~
with B € 4.

Proof. If we call a system satisfying (0.1), (0.2), and (0.4) a subsystem,
it is easy to see that the union of a chain of subsystems which is linearly
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ordered by < is again a subsystem. Then by the Axiom of Choice (in
Maximal Principle form), maximal subsystems exist and it is easy to
see that these are branch systems. Alternatively, one can define a sequence
of subsystems as follows:

Bo = {‘B} ; _

Bus1 =B, I{F(¥): 6K & for some B' € B,and se B,
sR¢ where t is the top node of €,
and ¢’ = {branches of ¢} },

where F is a choice function.
Then # = U, 4, is as required. M

DEFINITION A37. A branch system % is said to be S-consistent if
each B € 4 is S-consistent.

The following lemma schema must be verified for each instantiation of
the rule schemata M1 and Mr.

LEMMA SCHEMA A38.

(1) If in Schema Ml, 7 (s) is S-consistent, then for each of the ‘new’
nodes u,v, ..., 7(u), 7(v), etc. are each S-consistent.

(2) If in Schema Mr, 7 (s) is S-consistent, if ¥ is the appropriate collec-
tion of A and possibly ©A, if sRu, and if (7 (u),, T(u),)= ¥ is S-con-
sistent, then 7 (u) is S-consistent.

LEMMA A39. If BeOex is S-consistent, then there is an S-con-
sistent branch system 4 in  with B € #.

Proof. We need only modify the construction in the proof of Lemma
A36 to require that

= {S-consistent branches in ¢} .

Suppose that each branch in 4, is S-consistent. Let ¥ K and B’ 4,
be such that for some s € B, sRt where ¢ is the top node of €. Then by
Lemma Schema A38, 7 () is S-consistent, and so by Lemma A28, there
is an S-consistent branch in €. Thus ¢’ # @ and the construction works. ll

DEFINITION A40. Given an S-consistent branch system % for %,
define the canonical Kripke structure W(H) for # as follows. If 91(&3)
{4, K,R,0,Q>, then:
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K = % and O is the unique branch contributed by O;
A=A (B)fork=BeZB=K;

Q = {B:Bis contributed bya ¥ € Q};

if k=B and k' =B, then kRK iff {A: OA € A(B)} < 4(B’).

Note that since I'(B)u 4(B) consists of all formulas of the underlying
language of B (including additional constants), when k'¢Q, the last
condition is equivalent to:

kRk iff {A:OJAel(B)} =T'(B).

LEMMA A41. For 4, A", and (%) as above, for each B = ke K, and
for each closed formula A of the language appropriate to B,

WA A iff Ael(B).

Proof. Proceeding by induction on the structure of A, we may apply
the proof of Lemma A27 to all cases except that in which A is OE. In
this case, note first that if ke Q, then by (A34), both sides of the
equivalence are true. Now let keK — Q, and first suppose that
OE¢I(B), so that OEe A(B). Let kRk' = B’. Then by definition of R,
{A: 0A€A4(3)} = A(B’). Hence E€A(B’). Then by induction, W(B)=, E
is false, and so, since k' was arbitrary, Uk, OE is false. Conversely, let
OEeI'(B), so that for some seB, 0E€J (s),. Then there is a ¥ €K
with top node ¢ such that sRz, ¥ ¢ Q, and E€ F(t),. Let K = B €K be
the branch contributed by ¢’. Now suppose that OF € A(B). Then there
must be a u e B with sTu and rule (schema) Mr is applied to OF at this
node (by A14). Now by (A34), uRt so that F € A(%’). Thus it follows that
kRK'. By induction, A(A)kE, E, and thus A(H)E, OE, as desired. I

LEMMA A42. Given any S-consistent pair (I, 4), there exists a modal
tableaux system £ = (K, R, O, Q) such that the topmost node of O is
(I, 4).

Proof. One simply extends the reasoning in the proof of Lemma A28
s0 as to construct both K (as well as R and Q and O) and all its (classical
tableaux) elements by stages. If the cardinality of ML is k= ¥,, fix an
enumeration of the formulas of ML:

Ao Ap, .. Ay, 0 <K,

such that each formula of ML occurs arbitrarily far out in this sequence,
ie, for all A in ML and all < k, there is an o with §<a <k and A,
is A.
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Stage 0. K consists of one (incomplete) classical tableaux system O
which itself consists of one (topmost) node u with 7 (u) = (I', 4); R and
Q are empty.

Stage y+ 1 <k. A node s which, by the end of stage y, has been
placed into a classical tableaux system % = (N, T, 7)) which itself has
been placed into K by the end of stage y is said to be active if T (s), N
J (s); =0 and s has no T-successors in N by the end of stage y. At stage
7+ 1 consider each active node. If formula A, occurs in 7 (s), apply
the appropriate tableaux rule to A, placing the requlred new nodes into
the classical tableaux %, and, in the case of rule M, placing the required
new tableaux system(s) into K and altering R and Q accordingly. As
new nodes are added, R is altered so as to meet A34. If A, does not occur
in 7 (s), the Intro rule is applied to A, and s, where if ‘6 € Q, the restric-
tion of A34 is obeyed.

Stage y<k, y a limit ordinal. For each € =(N,T,7)eK, and for
each h:y— N such that the level of h(d) is ¢ for all 6 <y, add a node y,
to N of level 6 which is the T-successor of all (and only) the i(d) for 6 <y
and where

T (wli= U (h(9));, for i=0,1.

<y

Modify R in accordance with (A34).
It is now a straightforward computation to verify that 2 is as de-
sired. l

THEOREM A43. Given any S-consistent pair (I, 4) of sets of closed
formulas, there exists a structure WA with a world k such that AL, A
holds for all AeI', and A, B fails for all Be4.

Proof. By Lemmas A42 and A39 there exists a modal tableaux system
A containing an S-consistent branch system Z such that the top node
of O (and hence O) is (I, 4). The result now follows by Lemma A41. W

To complete this theorem, it need only be shown that the structure
A is an S-structure. To achieve this one attempts to require that at each
stage a of the construction in Lemma A42, R satisfies the appropriate
conditions I'g as defined in §2.

Consider now some of the individual normal systems S. For normal
S,Q=0,and the rule schemata Mr and MI become (cf. Kripke (1963a)):
Ml. If €K, s is a node in € and ¢A€J (s),, then there is to be a
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¢ eK with A€ (u), where u is the topmost node of %'; moreover,
sRu; initially one takes 7 (u) = {A} and I (u), = 0.

Mr. If %€k, sisa node in 4, and OAeJ (s),, then for all t with sRt,
one requires that Ae .7 (1);.

To verify Lemma Schema A38, first let ®AeJ (s),. If after application
of Ml, 7 (u) were S-inconsistent, then we would have FS—A and so by
R3, F[0A, leading to F5—1 0A, and consequently the S-inconsistency
of 7 (s). For the second part, we must introduce an elaboration.

Consider an arbitrary stage a in the construction in the proof of
Lemma A42. If s is a node in the system at that stage, the associated theory
of s at stage o is the theory with axiom set

T (s)oU {TAAET ()1},

where of course the 7 (s); are the sets as they exist at that stage. Next
define the characteristic theory of s at stage a, T?, to be the set of all
characteristic formulae for s at stage a. These are defined as follows.

Let R’ be a finite subtree of R with root s, say X is the field of R’. Con-
sider the following process of ‘attaching’ formulae to nodes in X (cf.
Definition 6.7). If te X has no proper R’-successors (i.., no proper R-
successors lying in X), attach to ¢ any conjunction of formulae from the
associated theory of ¢ at stage «. If t does have proper R'-successors,
letthem be ¢4, ..., t,, with attached formulae B, ..., B, (assumed attached
by induction). Let C be any conjunction of formulae from the associated
theory of t at stage a. Then

CAOB; A... A OB,

can be attached to t. A formula is a characteristic formula for s at stage
a if it can be attached to s by such a process for some R’

LEMMA Ad45. For each a« and each s the theory T® is S-consistent.

Proof. We proceed by transfinite induction on a. For a = 0 this follows
from the S-consistency of (I, 4), while for limit o, the consistency of
T® follows from the finitistic nature of the rules of proof and the fact
that T* =U, ., T/, the union being over those stages at which s exists.
If « = § + 1, we proceed through a case by case analysis of tableaux rules
which might have been applied. For the classical rules or the Intro
rule this is a straightforward analysis. Now consider that rule ML If
T (u) is inconsistent, then FS—1A, so by R3, FS[J—A or F5—10A, con-
tradicting the consistency of T?. For the rule Mr, suppose that sRt,
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that 0A € 7 (s);, and that Tf and T are S-consistent, but that T,* is
S-inconsistent, say

FSBy A ... AB,—A,

where By, ..., B,,e T.?. Then by contraposition, either R2 or A0 and R3,
and then contraposition again,

FSOB; A ... AB,)— CA.

But
F3s 0By A ... AB,) and Fjs—10A,

contradicting the S-consistency of T’. Consequently T* must be S-
consistent. H

Letting T,* = U, T7, this theory is immediately seen to be S-consistent,
which in turn guarantees the S-consistency of I (s). To complete the
verification of Lemma Schema A38, note that by the finitistic character
of the rules of proof, any application of Mr leading to the S-inconsistency
of 7 (s) or 7 (u) would lead to the S-inconsistency of T¥ or T;* for some .

The only remaining task is to verify that the structure 2 generated is
an S-structure. As the arguments are similar to those in §§3, 4, we will
not consider all the systems in detail, but will treat only a sample. For
the system I the only requirement is that Q =@; no restrictions are
imposed on R. For axiom A0, suppose that &, [J(A - B) and AL, [JA,
so that by Lemma A41, both [J(A — B) and [JA belong to I'(k). Letting
kRK', it follows that A — B and A both belong to I'(k’), and hence BeI'(k').
Then by Lemma A41 again, U, B, and so Ak, OB. For rule R3,
suppose that for each k we have Ak, A. Then in particular, for each k'
with kRk” we have U, A, and hence Ak, [JA. For the system M, we
add the axiom A1 and hence the requirement that R satisfy Refy. Since
Q = ¢ this amounts to requiring that R be reflexive. Now consider any
world k, and suppose that [(JAel'(k). Then there will be nodes s in the
branch B determining s and stages a such that [JAel'(s), and Ml is
applied to [JA at that stage. Since R is reflexive, then this application
results in A€.7 (s)y, and hence Ael'(k). Consequently R is reflexive.
As observed in §§3, 4, this guarantees that Axiom Al is satisfied. (Use of
Lemma A41 with the foregoing argument repeats verification of that
guarantee.) The verifications for the remaining normal systems are left
to the reader. Modifications of the tableaux rules necessary to treat
non-normal systems can be found in Kripke (1965) and Zeman (1973).
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